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The Harmonic Analysis Conjecture (2006)

KS in Number Theory (2008)

The Sundberg Problem (2009)

KS is solved by: Marcus, Spielman and Srivastava (2013)
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Dirac's Book

P.A.M. Dirac (1947)
“Quantum Mechanics”
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Dirac's Book

P.A.M. Dirac (1947)
“Quantum Mechanics”

Dirac wants to find a representation (i.e., an orthonormal basis) for a
compatible family of observables (i.e. a commuting family of self-adjoint
operators). On pages 74-75 he writes:

(Pete Casazza) Frame Research Center October 14, 2013 5/23



Dirac's Book

“To introduce a representation in practice

(i) We look for observables which we would like to have diagonal either
because we are interested in their probabilities or for reasons of
mathematical simplicity;
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Dirac's Book

“To introduce a representation in practice

(i) We look for observables which we would like to have diagonal either
because we are interested in their probabilities or for reasons of
mathematical simplicity;

(i) We must see that they all commute—a necessary condition since
diagonal matrices always commute;

(iii) We then see that they form a complete commuting set, and if not we
add some more commuting observables to make them into a complete
commuting set;

(iv) We set up an orthogonal representation with this commuting set
diagonal.

The representation is then completely determined ...by the observables
that are diagonal...”
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D =diagonal operators on H w.r.t. orthonormal basis (¢;)
Let We,(T) = (Tej, ) forall T € D.
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Q@ W, is a linear functional on D
@ We(l)=1
Q@ W, (T)>0if T>0

State

A Linear functional satisfying 1-3. J
Pure State

Extreme point in the set of states. J
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Dirac’'s Mistake

Dirac’s Claim
W, has a unique extension to a linear functional on B(H).
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Dirac’'s Mistake

Dirac's Claim

W, has a unique extension to a linear functional on B(H).

His Mistake

There are many other pure states on D.
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The 1959 Kadison-Singer Problem

Kadison-Singer Problem

Does every Pure State on D = family of diagonal operators on H extend
uniquely to a pure state on B(H)?
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An Introduction to Frame Theory

1 Frame Theory is a very applied subject with applications to:
» Signal/Image Processing
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Bio-Medical Engineering
Speech Recognition Technology

(Pete Casazza) Frame Research Center October 14, 2013

10 / 23



An Introduction to Frame Theory

1 Frame Theory is a very applied subject with applications to:

>

vV VY vy VvV VY

Signal/Image Processing
Internet Coding

Multiple Antenna Coding
Quantum Information Theory
Bio-Medical Engineering
Speech Recognition Technology
Biometric Classification

(Pete Casazza) Frame Research Center October 14, 2013

10 / 23



An Introduction to Frame Theory

1 Frame Theory is a very applied subject with applications to:

>

vV VY VY VY VY VY

Signal/Image Processing
Internet Coding

Multiple Antenna Coding
Quantum Information Theory
Bio-Medical Engineering
Speech Recognition Technology
Biometric Classification
Communication Theory

(Pete Casazza) Frame Research Center October 14, 2013

10 / 23



An Introduction to Frame Theory

1 Frame Theory is a very applied subject with applications to:

>

vV VvV VY VY VY VvV VY

Signal/Image Processing
Internet Coding

Multiple Antenna Coding
Quantum Information Theory
Bio-Medical Engineering
Speech Recognition Technology
Biometric Classification
Communication Theory
Distributed Processing

(Pete Casazza) Frame Research Center October 14, 2013

10 / 23



An Introduction to Frame Theory

1 Frame Theory is a very applied subject with applications to:
» Signal/Image Processing
Internet Coding
Multiple Antenna Coding
Quantum Information Theory
Bio-Medical Engineering
Speech Recognition Technology
Biometric Classification
Communication Theory
Distributed Processing
Physics/Medicine

vV VvV VY VY VvV VvV VYY

(Pete Casazza) Frame Research Center October 14, 2013 10 / 23



An Introduction to Frame Theory

1 Frame Theory is a very applied subject with applications to:
» Signal/Image Processing
Internet Coding
Multiple Antenna Coding
Quantum Information Theory
Bio-Medical Engineering
Speech Recognition Technology
Biometric Classification
Communication Theory
Distributed Processing
Physics/Medicine
X-ray Crystallography

vV VvV VY VY VY VY VvV VY

(Pete Casazza) Frame Research Center October 14, 2013 10 / 23



An Introduction to Frame Theory

1 Frame Theory is a very applied subject with applications to:
» Signal/Image Processing
Internet Coding
Multiple Antenna Coding
Quantum Information Theory
Bio-Medical Engineering
Speech Recognition Technology
Biometric Classification
Communication Theory
Distributed Processing
Physics/Medicine
X-ray Crystallography

vV VvV VY VY VY VY VvV VY

2 Even Industrial Applications of frames often lead to fundamental
questions in both pure and applied mathematics
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Frame Theory uses a wide variety of tools

Functional Analysis
C*-algebras

Operator Theory
Banach Space Theory
Probability

Graph Theory
Combinatorics

Algebraic Geometry

Number theory...
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Parseval's ldentity

Parseval's Identity
If (en) is an orthonormal basis for a Hilbert space H, then for all ¢ € H:

1617 = 1(¢, en)?

Moreover:

¢ = ZM’; en>en
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Many other sets of vectors satisfy Parseval’s identity

If (en)ners (&n)ner are orthonormal bases for H then

()2 ()

satisfies Parseval's identity.
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Many other sets of vectors satisfy Parseval’s identity

If (en)ners (&n)ner are orthonormal bases for H then

()2 ()

satisfies Parseval's identity.

And: ) )
er O N 0 ek 0
1 1
0 %ez 0 7563 0 (2)
\%63 0

satisfies Parseval's identity.
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Duffin and Schaeffer 1952

(¢i)ies is a frame for a (finite or infinite dimensional) Hilbert space H if
there exists A, B > 0 so that for every ¢ € H

Allol® <> 1@, ) < Bl

i€l
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Duffin and Schaeffer 1952

(¢i)ies is a frame for a (finite or infinite dimensional) Hilbert space H if
there exists A, B > 0 so that for every ¢ € H

Allol® <> 1@, ) < Bl

i€l
A=lower frame bound
B=upper frame bound =Bessel Bound
A=B Tight Frame
A=B=1Parseval Frame
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Frame Bounds and Projections

Remark

If (¢;) is a frame for H with frame bounds A, B and P is an orthogonal
projection on H then(P¢;) is a frame for PH with frame bounds A, B.
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Frame Bounds and Projections

Remark

If (¢;) is a frame for H with frame bounds A, B and P is an orthogonal
projection on H then(P¢;) is a frame for PH with frame bounds A, B.

Hence, if (¢;) is a Parseval frame then (P¢;) is a Parseval frame.

Remark
The Bessel bound of (¢;) is just the norm of the operator

Te; = ¢i7

where (e;)ies is an orthonormal basis for H.
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Analysis Operator of the Frame

If (¢7)ies is a sequence of vectors in a Hilbert space H we define the
analysis operator T : H — #»(/) by:

To="> (¢, ¢i)ei

i€l

(Pete Casazza) Frame Research Center October 14, 2013 16 / 23



Analysis Operator of the Frame

If (¢7)ies is a sequence of vectors in a Hilbert space H we define the
analysis operator T : H — #5(/) by:

To="> (¢, ¢i)ei

i€l

It follows that

1Tl =" [{¢, o0,

i€l

(Pete Casazza) Frame Research Center October 14, 2013 16 / 23



Analysis Operator of the Frame

If (¢7)ies is a sequence of vectors in a Hilbert space H we define the
analysis operator T : H — #5(/) by:

To="> (¢, ¢i)e

i€l

It follows that

1Tl =D 1, o),

iel
and so {¢;}ics is a:

frame if and only if T is invertible (on its range).

(Pete Casazza) Frame Research Center October 14, 2013 16 / 23



Analysis Operator of the Frame

If (¢7)ies is a sequence of vectors in a Hilbert space H we define the
analysis operator T : H — #5(/) by:

To="> (¢, ¢i)ei

i€l

It follows that
ITolI> = 1o, o)),
iel
and so {¢;}ics is a:

frame if and only if T is invertible (on its range).

Parseval Frame if and only if T is an isometry (onto its range).
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The Synthesis Operator and the Frame Operator

The synthesis operator is T* : ¢5(]) — H given by

T ei = ¢;
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The Synthesis Operator and the Frame Operator

The synthesis operator is T* : ¢5(]) — H given by

T*el = ¢i

The frame operator is S = T*T : H — H where S¢ = > (¢, ¢i)pi

Hence,

(Sp, 8) =D _ (e, o)
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We Love Parseval Frames

So S is a positive, self-adjoint invertible operator on H satisfying

A 1<S<B-I
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We Love Parseval Frames

So S is a positive, self-adjoint invertible operator on H satisfying

A 1<S<B-I

Parseval Frames
A Frame (¢;) is Parseval if and only if S =/ if and only if

¢ = (¢, ¢i)¢i, forall ¢ € H.

if and only if
ol> = (¢, ¢:)[?, for all ¢ € H.
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Reconstruction

Reconstruction is carried out by:

¢ = S 'S¢
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Reconstruction

Reconstruction is carried out by:

¢ = S'S¢
= ) (6, ¢1)S ¢
= ) (6,5 i)
= > (6,57 1¢)S 2
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Reconstruction

Reconstruction is carried out by:

¢ = S'S¢
= > ($.6)S ¢
= > (6,50
= > (e, STig)S iy

So, for any frame {¢;}, {5_%¢,-} is a Parseval frame.
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Classifying Parseval Frames

Theorem

(¢i) is a Parseval frame for H if and only if there is a containing Hilbert

space H C K with an orthonormal basis (e;) and the orthogonal projection
P of K onto H satisfies:
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Classifying Parseval Frames

Theorem

(¢i) is a Parseval frame for H if and only if there is a containing Hilbert

space H C K with an orthonormal basis (e;) and the orthogonal projection
P of K onto H satisfies:

Pe; = ¢;, for all i.
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Proof

<= This direction is immediate.
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Proof
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= Given a Parseval frame (¢;) with analysis operator T (which is an
isometry) we have
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Proof

<= This direction is immediate.

= Given a Parseval frame (¢;) with analysis operator T (which is an
isometry) we have

(Tom, Pei) = (PTom, e

= <T¢m7 €i >
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Proof

<= This direction is immediate.

= Given a Parseval frame (¢;) with analysis operator T (which is an
isometry) we have

(Tom, Pei) = (PTom, e
= <T¢m7 ei>
= <¢m7 T*ei>
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Proof

<= This direction is immediate.

= Given a Parseval frame (¢;) with analysis operator T (which is an
isometry) we have

<T¢m7 Pei> - PT¢I117 el>
Tom,ei)
bm, T"ei)

Pm, Pi)

{
{
{
{
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Proof

<= This direction is immediate.

= Given a Parseval frame (¢;) with analysis operator T (which is an
isometry) we have

<T¢m7 Pei> - PT¢I117 el>
Tom, €i)

(
(
(Pm, T ei)
(
(

Om> D)
Tom, Toi)

(Pete Casazza) Frame Research Center October 14, 2013 21 /23



Proof

<= This direction is immediate.

= Given a Parseval frame (¢;) with analysis operator T (which is an
isometry) we have

<T¢m7 Pei> PT¢I117 el>
Tom, €i)

(
(
(Pm, T ei)
(
(

Om, i)
Tom, Toi)

Since (T ¢m) spans PH, it follows that

Pe; = T¢; for all i.
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Naimark Complements

Definition

If (Pe;) is a Parseval frame, the Parseval Frame (I — P)e;) is a Parseval
frame called the Naimark Complement of Pe;).
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Naimark Complements

Definition
If (Pe;) is a Parseval frame, the Parseval Frame (/ — P)e;) is a Parseval
frame called the Naimark Complement of Pe;).

Corollary

(i) is a Parseval frame if and only if there is a Parseval frame (1;) so that
(¢i @ ;) is an orthonormal sequence.

v
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Why frame theory?

If properly constructed, a frame can provide:
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Why frame theory?

If properly constructed, a frame can provide:

@ Resilience to additive noise.
@ Resilience to quantization.
© Robustness to erasures

@ An ability to capture important signal characteristics.
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