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Abstract

The concept of stable rank for a unital C*-algebra was introduced by Rieffel in 1982. The
case of stable rank one has been widely studied and is known to have interesting conse-
quences for the C*-algebra, especially for the K-theory of the C*-algebra.

This thesis begins by introducing the concept of stable rank for unital C*-algebras before
moving on to the special case of stable rank one. The main focus of this thesis is to present
results proving that the reduced group C*-algebra C)(G) for certain discrete groups has
stable rank one. The main result discussed is that of Dykema, Haagerup, and Rgrdam
which shows that C}(G; x G3) has stable rank one for |G1| > 2 and |G2| > 3. The proofs
use the reduced free product, a concept introduced by Voiculescu during his work with free
probability theory, which is considered non-commutative probability theory. This thesis
introduces and proves the existence of the reduced free product of a family (A;, ¢;)ier of
unital C*-algebras A; each equipped with faithful state ;. Finally, we discuss more recent
results of Gerasimova and Osin, who showed that C(G) has stable rank one for a class of

acylindrically hyperbolic groups.
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1 Introduction

Rieffel introduced in his 1982 paper the concept of topological stable rank for Banach al-
gebras. It was firstly motivated by the density of certain functions for the Banach algebra
Cr(X) for compact Hausdorff space X, and is in some sense a way to give a C*-algebra
a dimension. Rieffel shows in his original paper several connections to different kinds of
stable ranks, such as the Bass stable rank, general stable rank and connected stable rank.
This thesis begins with an introduction to the topological stable rank, which we will simply
denote stable rank, and quickly focuses on examples and the particular case of having stable
rank one. It turns out that a C*-algebra having stable rank one gives several stability results
for the topological K-theory. Most notable, it implies K7 injectivity and the equivalences
Murray-von Neumann equivalence, unitary equivalence and homotopy equivalence are the

same. Moreover, Ky(A) of a unital C*-algebra with stable rank one has the cancellation

property.

Rieffel asked the question: What is the stable rank of C}(F),) for n > 27 It was later
answered by Dykema, Haagerup and Rgrdam who proved that the stable rank of C(F,) is
one for n > 2. In fact, they proved that the reduced free product C*-algebra of a family of
C*-algebras who have the Avitzour property has stable rank one. In particular, the reduced
group C*-algebra C}(G) has stable rank one when G = G1 * Gy and |G| > 2, |G| > 3 for
discrete groups G1,Gy. The proofs rely heavily on the properties of the reduced free prod-
uct, a concept introduced by Voiculescu during his work with free probability theory. This
thesis presents the construction of the reduced free product of a family (A;, ¢;)icr of unital
C*-algebras each equipped with a faithful state ;. The main result of Dykema, Haagerup
and Rgrdam needs a result of Rgrdam concerning the distance to invertible elements in
the case of unital C*-algebras whose stable rank is not one. The techniques of Dykema,
Haagerup and Rgrdam inspired firstly Dykema and de la Harpe, and then Gerasimova and
Osin to further explore for which groups C;(G) has stable rank one, with the acylindrically
hyperbolic groups with trivial finite radical being most notable. It is an open problem if
there exists a group G such that C}(G) is simple and sr(C}(G)) # 1.

I would like to thank Mikael Rgrdam for his continued collaboration and guidance not only
on this thesis but throughout multiple projects. Furthermore, I would like to thank Nadja
Lausen for correcting parts of this thesis and to Sara Jensen for keeping me company almost

daily during the last four months.



2 Group C*-algebras

This section is a short introduction to group C*-algebras for discrete groups. The reader is

referred to [5, 3| for proofs and further reading.

Let G be a discrete group and consider the Hilbert space £?(G). For g € G, define dg: G —C
by d4(9) = 1 and 64(h) = 0 for h # g. See that for any ¢g,h € G

Sgbn = Ogny 0% =0,-1.

The set {§, | g € G} is an orthonormal basis of unitaries for ¢*(G). The left regular
representation A : G — U(¢?(Q)) is defined by

Ag(0n) = dgh,

for all g,h € G.

The group *-algebra CG is the set of formal sums ) ., ogg with only finitely many

geG
ay € C nonzero, where multiplication is defined by

> agg (Z 6hh> = > ayBugh.

geG heG g,heG

and involution defined by

*

— 1
Z Qg9 | = Z Qg9 -
geqG geG

The left regular representation extends to an injective *-homomorphism CG — B(£?*(Q)),
also denoted by A.

Definition 2.1. Let G be a discrete group. The reduced group C*-algebra C(G) of G is
the norm-closure of A(CG) in B(¢%(G)).

In this way, with slight abuse of notation, one may view CG as the dense *-subalgebra of
C7(G) consisting of sums » - ; agdy with only finitely many ay # 0. It follows by definition
that C(G) is isomorphic to the completion of CG with respect to the norm ||s|[, = |[A(s)]|
for s € CG. A discrete group G is called C*-simple if the reduced group C*-algebra C(G)

is simple.

An important property of C)(G) is that it is equipped with a faithful trace, defined by
7(x) = (@0, 0) for € Cy(G), where e is the identity in G. In this way, {J, | g € G} is an

orthonormal set of unitaries with respect to 7 in C}(G).



Definition 2.2. The universal group C*-algebra C*(G) of G is the completion of CG with

respect to the norm
x|, = sup{||7(x)| | 7 : CG — B(H) cyclic * —representations}.

The universal group C*-algebra has the following universal property: Let u : G — B(H)
be any unitary representation of G. Then there is a unique *-homomorphism m,,: C*(G) —
B(H) such that m,(g) = ug4 for all g € G. It follows that C*(G) always has a one-dimensional

representation from the trivial representation G — C.

By definition ||s||, < ||s||, for any s € CG, so there exists a natural s-homomorphism
C*(G) — C¥(G). This x-homomorphism is an isomorphism if and only if G is an amenable
group. For a discrete abelian group G the Pontryagin dual G of G is the set of all continuous

homomorphisms from G to the circle T. For such groups C}(G) ~ C(G). It is known that

any abelian group is amenable, so for any discrete abelian group G,

C*(G) = CH(@G) ~ C(G).



3 Stable rank

The notion of topological stable rank was introduced by Rieffel in [17] as a concept of
dimension for Banach algebras which generalizes the classical concept of dimension for
compact spaces. Rieffel introduced the concept of topological stable rank during his work
with the irrational rotation C*-algebra, wishing to determine wether two projections in
an irrational rotation C*-algebra which have the same trace are unitarily equivalent. He
describes it as non-stable K-theory, and we will see a connection to the topological Ky and

K groups of a unital C*-algebra. The results of this section can be found in [17, 18].

Definition 3.1. Let A be a unital Banach algebra. Let Lg, (A), respectively Rg, (A), be

the set of n-tuples of elements of A which generate A as a left, respectively right, ideal.

Note that (ai,...,a,) € Lg,(A) if and only if there exists (b1,...,b,) € A" such that
> j=1bja; = 1. Similarly, (a1,...,a,) € Rg,(A) if and only if there exists (c1,...,¢,) € A"
such that 3%, ajc; = 1.

Definition 3.2. Let A be a unital Banach algebra. The left topological stable rank of A,
denoted Isr(A), is the least integer n such that Lg, (A) is dense in A™ equipped with the
product topology. If no such n exists, we set Isr(A) = oco. The right topological stable rank,
denoted rsr(A), is defined in an analogous way for Rg,,(A).

Remark 3.3. If A is a Banach algebra without unit, let A be the unital Banach algebra
obtained from adjoining a unit. Then the topological stable ranks of A are defined to be
the topological stable ranks of A. If A has identity element, then A is a direct summand of
A, so ltsr(A) = ltsr(A). This thesis considers only the case of unital Banach- or C*-algebras.

Rieffel was led was to the notion of topological stable rank after noticing a connection be-
tween the left topological stable rank of the Banach algebra Cr(X), for a compact Hausdorff

space X, and the dimension of X. We recall the definition of Lebesgue covering dimension.

Let (X, d) be a metric space and let S C X. A covering of S is a finite collection (U;)}_,
of open subsets of X such that

S C U Uj.
j=1

The order of the covering is the largest integer n such that there are n + 1 members in the
covering which have non-empty intersection. A covering (V;)¥_, is a refinement of (Uj)j=1
if every V; is contained in some Uj.

Definition 3.4. Let (X,d) be a metric space and let S C X. Then dim(S) < n if every
covering of S has a refinement of order less than or equal to n. We say that S has dimension

n and write dim(S) = n, if dim(S) < n and it does not hold that dim(S) <n — 1.



The following is a useful equivalence of the Lebesgue covering dimension of a compact
Hausdorff space X. See [16, Proposition 3.3.2].

Theorem 3.5. Let X be a compact Hausdorff space. The dimension of X is the least
integer n such that the set C(X,R"*1\ {0}) is norm dense in C(X,R"*1).

One can identify f: X — R"*! with an (n 4 1)-tuple of continuous functions f;: X — R.
The assumption that f(X) does not contain 0 is then equivalent to saying that there does
not exist z9 € X such that fj(zg) =0forall 1 <i<n+1.

Theorem 3.6. Let X be a compact Hausdorff space. The dimension of X is the least
integer n such that Lg,+1(Cr(X)) is norm dense in Cr(X)"*!.

Proof. Let fi,..., fuy1 € Cr(X). We claim that Cr(X) = (f1,..., fu+1) if and only
if (fi(z),..., foy1(x)) # 0 for all x € X. Suppose first that Cr(X) = (fi,..., fot1)-
Choose ¢ > 0 and let f be the constant function such that f(z) = ¢ for all z € X.
Clearly f € Cr(X), and so by assumption there exists gi,...,g9n+1 € Cr(X) such that
f= Z;jll gjfj. Assume for contradiction that there exists g € X such that f;(z) = 0 for
all 1 <j<n-+1. Then f(z9) =0 # ¢, which cannot be.

Suppose now, conversely, that (fi(z),..., fn+1(x)) # 0 for all z € X. Set h = Z;‘;l ].2,
and see that h € (f1,..., fnt1). By definition, h(z) > 0, hence h is invertible, and in
particular h='h =1 € (f1,..., fny1), implying that (f1,..., far1) = Cr(X), which proves
the claim.

Assume n is the least integer such that Lg,, | (Cr(X)) is norm dense in Cr(X)". Identify
an (n + 1)-tuple of continuous functions such that (fi(x),..., faot1(z)) # 0 for all x € X
with a continuous function f: X — R""!\ {0}. The wanted follows from the claim.

Suppose, conversely, that dim X = n. Identifying continuous f: X — R"*!\ {0} with
an (n + 1)-tuple of continuous functions such that (fi(x),..., fnt1(z)) # 0 for all z € X
gives the wanted. O

The following is an immediate consequence of Theorem 3.6.

Lemma 3.7. Let X be a compact Hausdorff space. Then
Isr(Cr(X)) = dim(X) + 1.

For compact Hausdorff space X consider the C*-algebra C(X) of continuous functions
f: X — C. Any function f: X — C can be identified with a pair (f1, f2) of functions
fi: X — R. Therefore, any n-tuple of elements in C(X) can be identified with a continuous
function h: X — R,



Proposition 3.8. Let X be a compact Hausdorff space. Then

lsr(C(X)) = {dm}?(X)J +1.

Proof. By similar argument as in the proof of Theorem 3.6 we see that density of Lg,, (C'(X))
in C'(X)" implies density of C(X,R?*\ {0}) in C(X,R?"). In particular, dim(X) < 2n and
n is the least such integer, i.e. n = |dim(X)/2| 4 1. O

Example 3.9. Let T" be the unit sphere in R**!. It is known that T" is a compact
Hausdorff space with dimension n. Moreover, Z" is a discrete abelian amenable group with
Zn ~ T™, and so

cr(z™) =crzr) ~Cc(Tm),
implying that sr(C*(Z")) = [»/2] + 1 by Proposition 3.8.
Proposition 3.10. If A is a unital C*-algebra, then Isr(A) = rsr(A).

Proof. See first that if a = (aq,...,ay) € Lg,(A) then a* = (a7, ...,a}) € Rg, (A), as there
exists (b1,...,b,) € A" such that >, b;a; = 1, implying that

n
> aphy=1.
=1

Assume Isr(A) = n. For ¢ € A™ and € > 0, there exists a € Lg,,(A) such that
le —all = llc" —a™[| <,

meaning a* € Rg, (A) approximates ¢* € A™ arbitrarily close, proving the wanted. O]
As a consequence of Proposition 3.10 we simple say the stable rank of A when A is a unital
C*-algebra and denote it sr(A).

Before moving on to the special case of stable rank one, we consider examples of unital

C*-algebras with stable rank oo. The proofs need the notion of the Bass stable rank.

Definition 3.11. Let A be a ring with identity element. The Bass stable rank of A,
denoted by Bsr(A), is the least integer n such that for any (a1, ...,an41) € Lg,,;(A) there
is (b1,...,bn) € A™ such that

(a1 + brant1,a2 + baani1, ..., an + bpant1) € Lg, (A).

If no such integer exists, we set Bsr(A) = oo.



The Bass table rank and the right topological stable rank are connected in the following

way. For a proof, see [17, Theorem 2.3].
Theorem 3.12. Let A be a unital Banach algebra. Then
rtsr(A) > Bsr(A).
Proposition 3.13. If a unital C*-algebra A contains two isometries with orthogonal range
projections, then sr(A) = oo.

Proof. We prove that Bsr(A) = oo, as then sr(A) = oo by Theorem 3.12.
Let s1,s2 € A be isometries with orthogonal range projections. Define ¢,, = sjs; for
n > 1 and see that each t,, is an isometry as the s; are isometries. If ¢ > j then, as s1, s9

have orthogonal range projections,
15t = 51(s3) shsr = 3(s5) 71 = 0.

Similarly, tit; = 0 for ¢ < j, showing that (¢,),>1 is a sequence of isometries with pair-
wise orthogonal ranges. Thus, for any £ > 1, one can from the two isometries produce k

isometries vy, ..., v with pairwise orthogonal range projections such that

k
pozl—Zvivf;&O.

i=1
As the v;’s have orthogonal ranges pg is a projection, and (v}, ..., v}, po) € Lgy,1(A), as
k
Zvivf + popo = 1.
i=1
Assume for contradiction that (v},..., v}, po) can be contracted as in the definition of the

Bass stable rank and let wy, ..., w, € A be such that (v} +wipo, ..., v} +wipo) € Lg;(A4).
Then there exists z1,..., 2, € A such that

Ead

ZZZ(UZ* + w;ipp) = 1.
i=1

Forany 1 <5<k
PoVj = Uj —vafvj =vj —v; =0,
i=1

and so

k k
E zi(vf + wipo)v; = E zi(vjvj + wipovj) = z;,
=1 =1

10



implying that z; = v; for all 1 < j < k. Now

Zvi(v;k + szD) = 17

i=1
and multiplying from the left by pg implies pg = 0, a contradiction. We conclude that
Bsr(A) = oo, hence tsr(A) = co. O

The Cuntz algebra O,, for n > 2 is the C*-algebra generated by n isometries s1, ..., s, such
that " ; s;s7 = 1, which implies that the range projections are pairwise orthogonal. In
particular, sr(0,) = oo for all n > 2 as a consequence of Proposition 3.13. In fact, any
properly infinite C*-algebra A contains two isometries with orthogonal ranges, meaning

that sr(A) = oo for all properly infinite C*-algebras.

We will show that the reduced group C*-algebra of the free group on n > 1 generators,
C)(F,), has stable rank one for all n > 1. This result was shown by Dykema, Haagerup
and Rgrdam in [9], an answer to the question asked by Rieffel in his original paper [17].
Interestingly, Anderson proved the following result for the full group C*-algebra of the free
group F,,. The original proof of Anderson’s can be found in [17, Theorem 6.7]

Theorem 3.14. Let C*(F,) denote the full group C*-algebra of the free group of n > 2
generators. Then sr(C*(F,,)) = co.

Proof. We give a proof for the case of C*(F,) for n > 4.

By definition, Oy is generated by 2 isometries. This implies that O is generated by 4
self-adjoint elements, in turn implying that Oy is generated by 4 unitaries vy, ...,v4. The
full group C*-algebra C*(F},) is the universal C*-algebra generated by n unitaries uy, . . . .
Define *-homomorphism 7 : C*(F},) — O by letting m(u;) = v; for 1 <i <4 and w(u;) =1
for ¢ > 5. It is straightforward to see that 7 indeed defines a *-homomorphism which
moreover is surjective, proving that O is contained as a quotient of C*(F,,). It follows from
[17, Theorem 4.3] that C*(F},) has stable rank oo. O

One can, using that O, is singly generated, give a proof for the case of F5 and F3.

3.1 The special case of stable rank one

This thesis is primarily concerned with determining when certain C*-algebras have stable
rank one, as it has several different consequences, some related to the K-groups of the unital
C*-algebra. The first is an equivalent characterization for when a unital C*-algebra A has

stable rank one. Denote the group of invertible elements in A by GL(A).

Proposition 3.15. A unital C*-algebra A has stable rank one if and only if the invertible

elements is a norm dense subset of A.

11



Proof. Note that Lg; (A) is the set of left invertible elements in A. Thus, if GL(A) C Lg;(A)
is dense in A, then so is Lg; (A).

Suppose, conversely, that sr(A) = 1, meaning Lg; (A) is dense in A. Let a € Lg;(A) and
let b € A be the element such that ba = 1. As Lg;(A) is dense, there exists ¢ € Lg;(A) such
that ||b— ¢/ < |ja|| ™" and so

lea = 1] = llca = ba]| < [le = bf| [Ja]| < 1.

Using the Neumann Series, ca is invertible, implying that ¢, hence also a, is invertible. In
particular a € GL(A) and the wanted follows. O

For n > 1, let M, (A) denote the matrix algebra of n x n matrices with entries in A and let
1,, denote the unit in M,(A). For n,k > 1, let M, 1(A) denote the set of matrices n x k

matrices with entries in A.

Proposition 3.16. Let A be a unital C*-algebra and let n > 1 be given. Let k,m > 0 such
that k +m =n. For x € M,(A), write

with a € Mp(A), b € My, (A), c € Mp, 1 (A) and d € M,,(A). Assume d is invertible. Then

a b\ (lp bd'\ fa—bd~'c O\ [ 1 O
c d) \0 1, 0 d) \d'e 1)
and x is invertible if and only if a — bd~'c € My,(A) is invertible.

Proof. That x has the wanted decomposition is a simple calculation.

Suppose first that a — bd~'c is invertible. Then

a—bd~tc 0
0 d

is invertible, and x is a product of invertible matrices, meaning x itself is invertible.

Suppose now, conversely, that z is invertible and see that

a—bd'e 0\ (1 —bd™'\ [a b I, 0
0 al \o 1, c d) \—d'c 1,,
a—bdlc 0
0 d

12

And so



is invertible. Therefore, there exists y € My (A) such that

y 0 a—bd~lc 0 (L, 0 a—bd~'c 0 y 0
0 dt 0 d 0 1, 0 d/ \o da!

so y~ ' =a— bd ¢, as wanted. O

We are now ready to prove the following theorem, which has interesting consequences for

unital C*-algebras with stable rank one.

Theorem 3.17. Let A be a unital C*-algebra. Then sr(A) =1 if and only if there exists a
n > 1 such that sr(M,(A)) = 1 if and only if sr(M,(A)) =1 for alln > 1.

Proof. Assume first that sr (M, +1(A)) = 1 for some n > 1. Let 0 < ¢ < 1 be given. For

a € A, consider
a 0
€ M,1(A),
<0 1n> +1(4)

where 1,, is the identity in M, (A). By assumption, there exists invertible element

b
xTr = <a0 ) S Mn+1(A)
c d

with ag € A, b€ My ,(A), ¢c € My 1(A) and d € M, (A) such that

(3G

implying that ||d — 1,|| < € < 1, ensuring that d is invertible with [|d7!|| < (1 —&)7%. It

<,

follows from Proposition 3.16 that

ap b\ (1 bd 1 ap—bd~ e 0 1 0
¢c d) \o 1, 0 d) \d'e 1,)
and ag — bd~1c is invertible, as z is invertible. See now that

|la—(ag—bd 'e)|| < |t —al +|[bd c|| <e+e*(1—e) ' =e(1—¢)7,

which shows the wanted.
Suppose now, conversely, that sr(A) = 1. We prove the wanted by induction. It is clear

for n = 1. Let n > 1 be given and consider

y= ( Z) € My (4)

13



with a € A, b € My ,(A), ¢ € Mp1(A) and d € M,,(A). For ¢ > 0, there exists invertible
ap € A such that |lap —al| < e and by induction, there exists dy € M, (A) such that

|d —do|| < € and dy — cag 'p is invertible. Tt follows by calculations as in the proof of

Proposition 3.16 that
ap b
z =
c d()

is invertible. Furthermore, ||y — z|| < 2¢, which proves the wanted. O

Example 3.18. Clearly GL(C) = C \ {0} is dense in C and so GL(M,(C)) is dense in
M, (C) for all n > 1, cf. Theorem 3.17. It is known that each finite dimensional C*-algebra
is isomorphic to a direct sum of matrix algebras over C [22, Proposition 7.1.5]. Therefore,

any finite dimensional unital C*-algebra will have stable rank one.

Denote the set of projections in a unital C*-algebra A by P(A). Two projections p,q € P(A)
are Murray-von Neumann equivalent, written p ~ ¢, if there exists v € A such that p = v*v
and ¢ = vv*. If there exists unitary u € U(A) such that ¢ = upu™, then p, q are unitarily
equivalent, written p ~, ¢q. It is well-known that the two are well-defined equivalence
relations on P(A).

Definition 3.19. Let A be a unital C*-algebra. A projection p € A is finite if p ~ g < p

implies ¢ = p, and p is infinite if it is not finite.

Definition 3.20. A unital C*-algebra A is finite if the unit 1 in A is finite, and A is infinite
if 1 is infinite. A is stably finite if M, (A) is finite for all integers n > 1.

Proposition 3.21. Let A be a unital C*-algebra. If sr(A) =1, then A is stably finite.

Proof. We claim that a non-unitary isometry has distance 1 to the set of invertible elements.

Let v € A be a non-unitary isometry, i.e. v*v =1 and vv* #£ 1. See first that

dist(v, GL(A)) = inf |jv—y| <|v||+ inf — o] = 1.
ist(0, GL(A) = _inf o=yl <[lol + _inf il = o]

For the opposite inequality, see first that if w € A such that ||[v — w|| < 1, then w is not

invertible. Indeed,
11— v*w|| = |[v*v —v"w| < [lo —w| |[v*]| <1,

meaning v*w is invertible. If w was invertible, then v* would be invertible, in contradiction
to v being a non-unitary isometry. Therefore, for z € GL(A) it holds that [|[v — z|| > 1,
implying that dist(v, GL(A)) > 1, and so dist(v, GL(A)) = 1.

14



As sr(A) = 1, it follows from Theorem 3.17 that the invertible elements are dense in M, (A)
for all n > 1. It now follows from the claim that M, (A) cannot have non-unitary isometries,
meaning all isometries of M, (A) are unitary. Suppose now that 1, ~ p, so there exists
v € M,(A) such that 1,, = v*v and p = vv*. Then v is an isometry and therefore unitary,

so p = vv* = 1,, meaning 1,, is finite, hence M,,(A) is finite for all n > 1. O]

Proposition 3.21 gives a possible obstruction to having stable rank one, as any unital C*-

algebra which is not stably finite cannot have stable rank one.

For n > 1, let GL,(A) = GL(M,(A)). Two elements x,y € GL,(A) are homotopic in

GL,(A) if there exists continuous function f: [0,1] — GL,(A) such that f(0) = x and

f(1) =y, and if so we write x ~p, y. It is well-known that ~p, is an equivalence relation.

Lemma 3.22. Let A be a unital C*-algebra with sr(A) = 1. Forn > 1, if x € GL,(A),
then there exists x1,...,x, € GL(A) such that

0 Ty

Proof. The proof is by induction over n. It is clear for n = 1. Assume now the claim holds

for some n > 1. For z € GL,41(A) write

<)

with a € M,(A), b € My1(A), ¢ € Mi,(A) and d € A. As sr(A) = 1, we can find
dy € GL(A) such that ||d — do|| < ||=||". Let

with a, b, ¢ as previously. Then |z — xg|| < Hx_lH_l, implying that o € GLj+1(A) and

x ~p zg. As dy is invertible, we can, as previously, write

a b\ (1. bdy'\ fa—bdy'c 0 l, 0
¢ do) \0 1 0 do ) \dgte 1)

and xg invertible forces a — bdy ¢ to be invertible, cf. Proposition 3.16. Moreover, as

1, bdy? 1, 0 l, 0 1, 0
o 1) "\o 1) e 1) " \o 1)

15



we get

a—bdyle 0
Zo ~h 0 d .
0

Since a — bd, ¢ € GL,(A), we can, by assumption, find diagonal matrix

Y1 0

0 Un

with y1,...,yn € GL(A) such that a — bdalc ~n y. We now have

y 0
T ~p X~ )
h T0 ~h 0 do

as wanted. O

Let A be a unital C*-algebra and let U (A) denote the group of unitary elements in A. Set
Un(A) = UMy (A)) for n > 1 and Use(A) = Uy Un(A). Let n,m > 1, u € Up(A) and
v € Up(A). Define binary operation u @ v = diag(a,b) on Us(A). Write u ~q v if there
exists integer k > max{m,n} such that u ® 1p_,, ~p v ® 1x_p, in Ug(A). Tt is well-known
that ~; defines an equivalence relation. Let [u]; denote the equivalence class containing
u € Uso(A). The K group of A is then

Ki(A) ={[u1 : v € Ux(A)}.

Let U°(A) be the connected component of the identity element in 2/(A). There is a group
homomorphism w : U(A)/U(A) — K;(A) making the following diagram commutative

U(A)
[h
U(A) U (A) ——— Ki(A)

The map w is in general neither injective nor surjective. The unital C*-algebra A is called
Ki-injective if the map w is injective, and K7-surjective if w is surjective. Rieffel proved

that it is a consequence of having stable rank one that w is an isomorphism.

Let UY(A) be the connected component of the identity element in U, (A).
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Theorem 3.23 (Rieffel). Let A be a unital C*-algebra. For all n > sr(A) the map from
Un(A) JUL(A) to Upi1(A) /UL, 1 (A) is an isomorphism, and in particular

U (A) UL (A) = K (A).

Remark 3.24. Theorem 3.23 is stated and proven in [18, Theorem 2.10] in a slightly different
way, such that for any n > sr(A)

GL,(A)/GLY(4) = K (A)

where GLY(A) is the connected component of the identity in GL,(A). That the two are
equivalent for a unital C*-algebra follows as U(A) is a retract of GL(A).

We include the proof of Ki-surjectivity for a unital C*-algebra A with stable rank one. The

reader is referred to [18] for a complete proof of Theorem 3.23.

Recall that any invertible element x € A has a unique polar decomposition x = u|z|, where

|z| = (az*m)% and u € A is unitary.

Proof of Kj-surjectivity. Let u € U,(A) for some n > 1. Using Lemma 3.22, there exists
Z1,..., Ty € GL,(A) such that

Z; 0

Consider the polar decomposition ; = u;|z;| for each 1 < j < n and as each z; is invertible,

uj € U(A). Using [22, Lemma 2.1.5], we now get

] UL - Up 0
~h . ~h y
0 1n—1

proving surjectivity. O
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Let A be a unital C*-algebra and I C A a closed, two-sided ideal, giving the following short

exact sequence

0 » I A—"— AJT 0
To any such short exact sequence is the six-term exact sequence

Ki(¢) Ky (

K\(1) Ky (A) — Ky (a/1)
8o o1

Ko(A/T) e Ko(A) ——— Ko(I)
0 (7T) K()(L)

where 0o : Ko(A/I) — Ki(I) is the exponential map and 6, : Ki(A/I) — Ko(I) is the
index map.
Proposition 3.25. Let A be a unital C*-algebra. Assume there exists a closed, two-sided

ideal I C A with short exact sequence

0 T A—"y AJT 0.

If sr(A) = 1, then the index map 61 : K1(A/I) — Ko(I) is the zero map.
Proof. Let u € U,(A/I) and let v € M,(A) such that 7(v) = u. As sr(A) = 1, there is

invertible w € M,,(A) such that ||[v — w|| < 1, cf. Theorem 3.17. In particular,

[u = 7(w)]| = [[x(v) = m(w)] <1,

implying that u ~j, m(w) in GL,(A/I). Consider polar decomposition w = x|w| and note
that x € U, (A). Then w(w) = w(z)n(|z|) with 7(z) unitary, and moreover 7(w) ~p, 7(z),
implying u ~p, m(z), so [u]; = [r(x)]; = Ki(m)([x]1). Therefore, K;(m) is surjective and it
follows, using the six-term exact sequence, that 01 : K1(A/I) — Ko(I) is the zero map. [

Example 3.26. Consider C(D), where D C R? is the unit disk. It is known that C(D)
contains Cp(R?) as an ideal with C(D)/Co(R?) = C(T). Therefore, we have the following

short exact sequence

0 — Ch(R?) —— C(D) == C(T) — 0,
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with corresponding six-term exact sequence

Ki(v)

Ki(Co(R2) — Y, Ky (c(D)) — 2

K1(C(T))
8o 01

Ko(C(T)) TR Ko(C(D)) TR Ko(Co(R?))
One can show that K;(C(T)) = Z and K;(C(D)) = 0, implying that K;(7) cannot be
surjective, and equivalently d; is not the zero-map, hence sr(C(D)) cannot be one. In fact,

sr(C(D)) = 2 from Proposition 3.8.

We now have two obstructions to a unital C*-algebra A having stable rank one: §; not
being the zero-map and A not being stably finite. It was an open question for some time
whether every stably finite, simple C*-algebra has stable rank 1. However, Villadsen gave
a negative answer to this question, as he constructed stably finite, simple C*-algebras with
stable rank n for all n > 2, see [23]. It is currently an open question if there exists a group
G such that C(G) is simple and has stable rank n > 2. Note that the non-trivial amenable

groups considered in Example 3.9 are not C*-simple.

The next consequence for a unital C*-algebra A with stable rank one is in regard to the
different equivalence relations on projections, which in turn will be used to prove that A

has the cancellation property.

Lemma 3.27. Let A be a unital C*-algebra with stable rank one. If p,q are projections in

A withp ~q, thenp~y,qandl—p~1—gq.

Proof. Suppose that p, ¢ are projections in A such that p ~ ¢. Let u € A such that p = u*u
and g = uu*. As sr(A) = 1, there exists invertible x € A which approximates u closely and
so that

|lz*x —p|| = ||z*x — v ul| = ||z*z — 2" u + 2" u — uFu|
< [l (@ = w)ll + [1(&" = w”)ull

< ="z = ulf + [2" —w*ff <1

and similarly ||xzz* —¢q| < 1. Consider the polar decomposition x = v|z|, and as = is

invertible, v € U(A). Then zz* = v(x*:c)%(a:*x)%v* = v(z*z)v*, and

[o(z*z)v" —vpv®|| = |o(z"z — p)o*|| < [lz"2 —pl] < 1.
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It now follows using [22, Proposition 2.2.4] that vpv* ~}, ¢, implying that vpv* ~,, ¢, hence
P~ pUT ~y g

Using [22, Proposition 2.2.2], we now have 1 —p ~ 1 —gq. O]

Remark 3.28. Tt is a result of Brown in [4] that unitarily equivalent projections in a C*-
algebra A with stable rank one are in fact homotopic. This combined with Lemma 3.27

shows that the three equivalences on projections in A are the same when sr(A4) = 1.

For n > 1, let P,(A) = P(M,(A)) and Poo(A) = UrZ; Pn(A4). Suppose p € P,(A) and
q € Pm(A), then p ~q ¢ if there is an element v € M,, ,(A) such that p = v*v and ¢ = vv*.
Note that ~g defines an equivalence relation on Py (A) and for p,q € P,(A), p ~o q if
and only if p ~ ¢. One can use the equivalence relation ~q to define an abelian semigroup
D(A) = Poo/ ~0, which in turn is used to describe the Ky group of A via the Grothendieck
map, see [22, Definition 3.1.4]. For a unital C*-algebra A,

KO(A) = {[p]o - [Q]O ’p7q € PN(A)vn € N}

The C*-algebra A is said to have the cancellation property if and only if for every pair of
projections p, ¢ in Pwo, [plo = [q]o if and only if p ~¢ q.

As previously, define binary operation on Py, (A) by p®q = diag(p, ¢). Define relation ~ on
Poo(A) by the following: If p, ¢ € Pso(A), then p ~; ¢ if and only if there exists r € Py (A)
such that p®r ~g ¢®r. Equivalently, p ~ ¢ if and only if p&® 1,, ~9 ¢® 1,, for some n > 1.

Note that ~ defines an equivalence relation on P (A) called stable equivalence.

Proposition 3.29. Let A be a unital C*-algebra with stable rank one. Then A has the

cancellation property.

Proof. See first that if p ~¢ g then [p]p = [¢]p in D(A), and so [p|o = [g]o by the defintion
of Ko(A).

For the converse implication, let p,q € P,(A) such that [plo = [¢]o. Then, using the
standard picture of Ko(A) [22, Proposition 3.1.7], p ~s ¢, so there is 7 > 1 such that
p®1, ~9q®1,. Note that p® 1,,q® 1, € Pryr(A), and so we have pH 1, ~ ¢P 1,.. Using

In=p O l,—q O
0 0 0o o0/’

implying that 1, — p ~ 1, — ¢, and Lemma 3.27 implies p ~ ¢, equivalent to p ~q q. OJ

Lemma 3.27, we get
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4 Free probability theory

Free probability theory was introduced by Dan Voiculescu in the 1980’s during his work

with the free group factors and is regarded as non-commutative probability theory [24, 25].

Definition 4.1. Let A be an algebra with unit and let ¢ be a linear functional on A such

that p(14) = 1. We call (A4, ¢) a non-commutative probability space.

We are particularly interested in the case of A being a unital C*-algebra. In this case we

consider a state ¢ on A and (A, ¢) is called a C*-probability space.

Just like in the classical case of probability theory, elements a of (A, ) are called non-
commutative random variables and ¢(a) the expectation of a. The notion of independence
in classical probability theory relies heavily on commutativity and is therefore not of much
use in our non-commutative scenario. Therefore, Voiculescu introduced the notion of being

free as an analogue to independence in classical probability theory.

Definition 4.2. Let (A, ¢) be a a C*-probability space and let (A4;);cr be a family of unital
C*-subalgebras for some index set I. We say that (A;);cs is free with respect to ¢ if

o(ai, ...a;) =0,

whenever, for k > 1, a;; € A;;, i # ij41 with p(a;;) =0for j =1,... k. A family (a;)ier

of random variables is free if the family of unital C*-algebras (C*(a;)):er is free.

4.1 The reduced free product

Let I be an index set and consider a family (A;, p;)icr of unital C*-algebras A; each equipped
with a faithful state ¢;. The reduced free product C*-algebra corresponding to each such
family (A;, vi)ier was introduced by Voiculescu in [24] and is denoted by

(A, ) = *icr(As, i).

It is constructed in such a way that (A;);er is free in A with respect to .

We will need the definition of a standard orthonormal basis for a unital C*-algebra. Let
A be a unital C*-algebra. Given a faithful state ¢ on A, define the following Fuclidean

structure corresponding to ¢

(a,b), =o(a), ], =(a,a))*,  forabe A
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Definition 4.3. Let A be a unital C*-algebra equipped with a faithful state ¢. A subset

X C A is called a standard orthonormal basis for A if 1 € X and X moreover satisfies

(i) X is an orthonormal set with respect to the Euclidean structure corresponding to ¢
on A,

(ii) span X is a norm-dense *-subalgebra of A.
We will denote X \ {1} by X°.

Lemma 4.4. Let A be a separable unital C*-algebra and assume that FF C A is a finite,
orthonormal set containing 1. Then there exists a countable standard orthonormal basis X
for A which contains F.

Proof. Choose a dense subset {aj,az,as, ...} of A. We will, using this dense subset, induc-

tively construct finite orthonormal sets Xo C X1 C Xo C ... satisfying the following
(i) an € span X,
(ii) span X, is self-adjoint,
(iii) If 2,y € X,,—1 then zy € span X,

for all n > 1. Set Xy = F. Suppose now X, 1 has been constructed and let V,, be
the finite dimensional subspace of A spanned by a,, X,—1, Xn_1 - X,—1 along with the
adjoints of said elements. Let X, be an orthonormal basis for V,, which extends X, _1. Set
now X = o7, X,. It is clear that span X is a *-subalgebra. By construction, 1 € X and
{a1,a9,as,...} C X, ensuring that X is in fact a norm-dense *-subalgebra in X. Lastly, each
X, is chosen to be an orthonormal extension of X,,_1, ensuring that X will be orthonormal,

proving that X is a countable standard orthonormal basis for A containing F'. O

The algebraic unital free product of unital C*-algebras A;, denoted by A = *?.legIAi, is
the unital x-algebra equipped with unital inclusions ¢; : A; — A for each i € I with the
following universal property: If B is another unital *-algebra equipped with unital inclusions
G+ Aj = B for each i € I, then there exists a unique *-homomorphism p : A — B such that

the following diagram commutes for all ¢ € I:

A;

Gi

ti
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A state on a unital *-algebra A is a linear map ¢ : A — C such that ¢(14) = 1 and
p(a*a) > 0 for all @ € A. We say that ¢ is faithful if p(a*a) = 0 implies a = 0.

Elements in A = *?égIAi of the form

W = Qi) Qg - - - Ay,

are called words and a;; the letters of w. If no a;; is followed by a;j 1, then w is a reduced
word. 1f A has a state ¢ and we further assume that for each 1 < j < k, a;;, € A;,
¢(ai;) =0 and i; # ij41 for all 1 < j <k —1, then w is said to be a centered reduced word
of length k with the convention that 1 € A is the reduced word of length 0. Each word

w € A can be written as a finite linear combination of centered reduced words by writing
i
be expressed as finite linear combinations of centered reduced words.

a;, — Qj.

J

— ¢(a;;)1, which will be in A;; with go(a;j) = 0. Therefore, the elements of A can

The following lemma constructs orthonormal set in A from orthonormal sets X; of A;.

Lemma 4.5. Let (A;,i)icr be a family of unital C*-algebras each with state ;. Let
A= *fégIAl- and assume that A has a state pg such that go(w) =0 for all centered reduced
words w € A. Given orthonormal sets X; C A; fori € I, let Yo = {1} and forn > 1 let Y,
be the set of words

w = wilwig o 'wina

such that wi; € X7, @(w;;) =0 for all1 < j <nandij # ijy1 for all1 < j <n—1. Define

#icrXi = Up—o Yn. Then xjcrX; is an orthonormal set with respect to ¢o(b*a) = (a, b>s@o'

Proof. Consider first w € X7, z € X7 for some i, j € I with po(w) = ¢o(z) = 0. If i # j,
then ¢o(z*w) = 0 as z*w is a centered reduced word. If i = j, then ¢g(z*w) = p;(z*w) =0
for z # w and po(w*w) = p;(w*w) = 1, as X; is an orthonormal set with respect to the
Euclidean structure from ¢; on A;.

Assume now w, z € x;c1 X; of length n,m > 1. Assume without loss of generality that
n > m and write

W = Wy - - - Wy, Z:Zjl"-Zj

m

where for all [, k, w;, € X7, z;, € X7, wo(wi,) = wo(zj,) = 0 and iy, # i1, Ji # Ji+1 for all
1 <k<n-—1,respectively 1 <1 <m — 1. We claim that

Po(2"w) = nmbiy gy ** Gin g P0(25, Wiy ) -+~ p0(25, Wi, )-

If i1 # j1, then z*w is a centered reduced word and ¢g(z*w) = 0 by assumption. If i; = ji,

write

(z;‘lwil)/ = Z;lwil — <p0(z;f1w¢1).
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Then

ES

wo(2"w) = wo(25,wiy)o(2],, - 25,Wiy -+ wi,) + @o(2],, - - 25, (25, wiy) wiy - wi,, )

By definition ¢o((z},w;;)") = 0, meaning zj - - 2}, (25, wi, )'wi, - -~ w;, is a centered reduced
word, so
* * * *
wo(2"w) = po(zj,wiy)po(z], - 25,wiy -+~ wj,).
Therefore,

po(2"w) = 6y 5, po(2"w) = by 1 o (25, Wiy Jpo(2],, - - - 25, Wiy -+~ Wi, )-
Iterating this process,

©0(2"W) = 84y 1 Oi,go ** O, PO (2, Wiy )00 (25, Wi ) =+ = P0 (25, Wiy )P0 (Wi 4y~ + ~ Wi, )

Note that ¢o(wi,,,, - w;,) =0, as w;,, ., - --w;, is a centered reduced word. In particular,

n

wo(z*w) = 0 for m # n, proving that
P0(2 W) = Gnmis gy -+ G PO (25, Wir ) - - 0 (25, Wiy, ).

See now that if i, # ji for some k, then z # w and the claim shows that ¢g(z*w) = 0.
If 4j, = j for all k, we note that each Xj;, is an orthonormal set, hence goo(z;“k w;,,) = 0 for
zi, # wjy, and @o(w; w;,) = 1. Therefore, po(z*w) = 0 for z # w and po(w*w) = 1. We

conclude that *;c7X; is an orthonormal set. [l

Definition 4.6 (The Hilbert space free product). Let I be an index set. Consider a family
(H;, & )ier of Hilbert spaces H; each with unit vector & € H;. Define

H=Cc¢e P P Hio..oH,|,

n>1 (il,...,in)EDn(I)

where H;, is the orthogonal complement of C¢;; in H;;, and D, (I) is the set of n-tuples

]'?
(i1,...,1n) such that i; # ij41 for 1 < j < n —1 and each i; € I. Moreover, ¢ is a
distinguished unit vector in C, corresponding to n = 0. We denote the Hilbert space free

product by (H, &) = *;e(H;, &;).

We will, for notational purposes, omit D, (I). For j € I, set

Hj)=Cc¢oP| P Hy®...0H,,
n>1 \ (it,0msin)
i1#£]
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Define unitary operators V; : H; ® H(j) — H by the following

fj@fo, h®§0—>h, §j®(hi1®...®hin>'—)hi1®...®hin,
h@ (hiy ®...Q0h;,)—»hQhj; ®...Qh;,.

for h € Hj, h;y, € H;, and (i1,...,1,) € Dy(I) with ¢; # j. Note that the unitary V; gives
isomorphism H; ® H(j) ~ H for all j € I.

Theorem 4.7. Let (A;, ;) be a family of unital C*-algebras A; each with a faithful state

alg

@i and let A = *; 21 A; be the algebraic free product. Then there exists a unique state oo on

A such that

(i) pooti =i foralliel,

(7i) po(w) =0 for all centered reduced words w € A of length k > 1.
Moreover, g is faithful on A.

Proof. Uniqueness is clear as A is spanned by the set of centered reduced words.
Let (H;, &, m;) be the GNS-triple associated to ¢; for each i € I. Let (H,&) = %;c1(H;, &)
be as in Definition 4.6 and define representation A; of A; on H by

Ai(a) = Vi(mi(a) @ Iyi)ViS, a€ A (4.1)

It is straightforward to check that each )\; is a representation. By the universal property of
the algebraic free product, there exists a unique *-homomorphism = : A — B(H) such that

Ai =mou; for all i € I. Define g : A — C by

pola) = (m(a)¢, &), acA

Tt is clear that ¢ is a state on A. We show that ¢y has the wanted properties. Let a; € A;.
Then

(w0 0 1) (ai) = (m(1i(a:))§, &) = (Mi(@)€, €) = (Vilmi(as) @ Iy Vi€, €).

As H; = H; @ C§; it suffices to check that ¢ o t; = ¢; on each component. Consider first
mi(a;)& € Hy. Then p;(a;) = (mi(a;)&, &) = 0 and by the definition of the unitary V;,

Ai(@i)§ = Vi(mi(ai) @ Ig)) Vit = Vi(mi(ai)& @ &) = miai)&,
implying ¢o(ti(a;)) =0 = ¢i(a;). If m;(a;)& = a&; for some a € C, then ¢;(a;) = a and
Ai(a;)€ = Vi(a& ®€) = af,
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hence ¢o(ti(a;)) = a = @;(a;). This shows (7).

Consider now centered reduced word w = a;,a;, . ..a;, in A. Then

ik
@i, (ai;) = (i, (ai;)&;0 &) =0,
implying that m;;(a;; )&, € H;, for all 1 < j < k. By definition,

m(ai;)€ = Aij(ai;)€ = Vi (mi; (aiy) @ I Vi € = Vi (i (aiy)&; © §) = mi(ai)&i; -

It is now a simple calculation to see that

o

W(ahaiz s aik)f = Ty (ai1)€i1 @ Ty (aiz)giz ®...® Ty, (aik)&k € Hil ... Hik- (4'2)

whenever ¢;.(a;;) = 0, a;; € A;; and j # j+ 1 for all 1 < j < n — 1, implying that
wo(w) = 0, as wanted.
It remains to show that ¢q is faithful. Let x € A and assume that pg(x*z) = 0. Write

T = Zzzl apwy, where each wy, € A is a centered reduced word

wg = CLZGZ o aka,
with a?j € A,Z and (po(afj) =0 for 1 < j <. Let Iy be the set of all indices 7 € I such
that i appears as an index ¢; in a word wy in the decomposition of x. For each i € Iy,
let F; be the set of elements from A; which appear in a word w;, in the decomposition of
x. Set V; = span{F; U1} C A;. For each i, p; is faithful on A;, meaning we can equip
A; with the previously mentioned Euclidean structure corresponding to ¢;. As V; is finite
dimensional we can find an orthonormal basis X; of V; which contains 1 and spans V;. Define
orthonormal set *;c;X; as in Lemma 4.5. For each k, w, € span*;c;X;, so we can write

T = Z;”:l Bjzj where each z; € ;erX;. Thus,

m m
(z*x :ZZ k‘POZZk Z’ﬁﬂz

implying 8; = 0 for all 1 < j < m, hence z = 0. OJ

As g is faithful, we can define the Euclidean structure

1
wo(b*a) = (a,b) lall,, = (a,a)3, for a,be A

®o "’
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As in the case of C*-algebras, one can to a state ¥ on a unital x-algebra A associate a

GNS-triple (Hy, my, &) where Hy, is the Hilbert space completion of A with inner product

(a,b),, = (b%a)

for a,b € A, my : A — B(Hy) is a faithful *-representation and &, € Hy, a cyclic unit vector
such that

Y(a) = (m(a)€y; &y)y -
Any triple (H',7’,¢’) with the same properties is unitarily equivalent to (H,, 7, &)

Note that (4.2) implies that 7(.A)¢ is dense in H, as each m;(A;)¢; is dense in H;. Therefore,
we may take (H,m, §) to be the GNS-triple for ¢g. As g is faithful, A embeds into a

C*-algebra A = w(A) C B(H). Extend ¢p to ¢ on A by p(a) = (a&,§) for a € A. Then
(A, ) is said to be the C*-completion of (A, ¢g). Note that for a € A, b € A,

lab|?, = (am (D)€, am(b)€) = [lam(B)E] .
As m(A)¢ is norm-dense in H,
|al| = sup{||abl|,, : b € A, ], < 1}, acA.

In this way, A embeds into A as a dense *-subalgebra via w. However, by slight abuse of

notation, we will identify a € A by a in A via .

Proposition 4.8. Let (A, ¢g) be a unital x-algebra equipped with a faithful state ¢o and let
(A, ) be the C*-completion of (A, po). Suppose that (B,v) is another unital C*-algebra
with state ¥ and x-homomorphism p : A — B such that p(A) is a dense subalgebra of B
and ¥ o p=@gy. Then p extends to a x-isomorphism n: A — B satisfying 1 on = .

Proof. By construction, ¢(a) = ¢o(a) for a € A, so [[a||, = |[al,,. Moreover, for b € A,
16112, = ©o(bb) = (p(b*)p(b)) = (D)7, -
Hence, for a € A,
lall = sup{llabll,, : b€ A, [bll,, <1} = sup{[|p(a)bll, : b € p(A),[bll, <1} = [[p(a)]l.

Then p extends to a *-isomorphism 7 : A — B with the wanted properties. O

With the uniqueness of the C*-completion (A, ¢), we are ready to define the reduced free
product.
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Definition 4.9. Let (A;, p;) be a family of unital C*-algebras A; each with a faithful state
@i. The reduced free product (A, @) = *;er(A;, pi) is the C*-completion of (A, ¢p), with ¢g

as in Theorem 4.7.
We will be particularly interested in the case where each state is tracial.

Proposition 4.10. Let (A;,7;)ier be a family of unital C*-algebras each equipped with a
normalized trace T; and let (A, T) = %;c1(Ai,7i) be the reduced free product. Then T is a

faithful normalized trace on A.

Proof. Let A= *alg A;. Consider first w, z € A centered reduced words and write

W= @, -Gy, z=20;

Jm "

'bj17

where for all k,1, a;, € A;,, bj, € Aj,, 7(ai,) = 7(b;) = 0 and i # P41, ji # ji+1 for all
1 <k <n-—1,respectively 1 <! <m — 1. By the claim in the proof of Lemma 4.5,

T(W2) = OkmOip jim Oig—1.jm—1 ** Oir 1 T (@i, bj ) -+ - T (@i, by )
Recall that 74, = 7;, which are all assumed tracial, so

T(wz) = 6k m0i

Zkvjm5ik:—17jm—1 T 5i17j17(bjmaik) T T(bjiah) = T(Zw)‘

Consider now z,y € A and write

k m
T = E ajwj, y= E Bizi,
j=1 =1

with wj, 2z; centered reduced words for all 4, 5. Then

k- m k m
:ZZ%@ wjzi)zzzagﬁz T(ziw;) = 7(yx).

Jj=li=l1 j=1i=1

For x,y € A, let (xn)n, (Yn)n C A such that lim, o 2, = z and lim, 00 y, = y. Then
T(zy) = lim 7(zny,) = lim 7(y,zy,) = 7(yz),

showing that 7 is a trace. That 7 is normalized follows from 7; normalized.

Let € A and assume 7(z*z) = 0. For b € A, we have

lzb]l3 = 7(b*2"2b) = T(abb*a”) < ||b]|* 7(xz") = |b]* T(z"2) = 0,
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using that bb* is self-adjoint, hence bb* < ||bb*|| 1 = [|b]|* 1. As
[2]] = sup{{[zblly | [|bll, < 1,6 € A} =0,

we get © = 0, showing that 7 is faithful. O

Remark 4.11. A more generalized statement than the above, in which the assumption of

the faithful states ¢; being tracial is omitted, was proven by Dykema in [10].

The reduced free product has the following universal property.

Theorem 4.12. Let (A, ¢i)icr be a family of unital C*-algebras A; each equipped with a
faithful state ;.

(1) The reduced free product (A, ) satisfies:
(i) There is a unital inclusion \; : A; — A for each i € I,
(ii) po i =; foralli €1,
(iii) @(w) =0 for all centered reduced words w € A,
(iv) A=C* (Ujer Ni(Ai)) -
(2) If (B,) is another unital C*-algebra with state 1 which satisfies:

(a) There is a unital inclusion ¢; : A; — B for each i € I,

(b) Yoli=i foralliecl,
(c) Y(w) =0 for all centered reduced words w € B,

(d) B =C* (Uer Gi(4i))

then there exists a unique x-isomorphism n: A — B such that ¢ on = ¢, and

commutes for all i € I.
(3) The state ¢ is faithful and the canonical map p : A — A is injective.

We understand a centered reduced word w in A by i, (ai,) - - - Ai, (as,, ), where i # i1 for
all 1 <j <n—1and a;; € A;; with ¢(a;;) = 0 for all j. Similarly for B.
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Proof of Theorem 4.12. We begin by proving (1). Let A = *?égIAi and equip A with state
¢o from Theorem 4.7. Let (A, ) be the C*-completion of (A, ¢p), and let A\; and (H,, &)
be as in the proof of Theorem 4.7. Then A is the norm closure of m(A), and \; = o
therefore embeds A; into A. Moreover, ¢ = ¢g on A, so (ii) and (iii) follow from Theorem
4.7. For (iv), note that the universal property of the algebraic free product ensures that
A is the x-algebra generated by (A;)icr, and so the *-algebra generated by | J;c; Ai(4i) =
Uicr m(¢i(A;)) will be equal to the *-algebra 7(A), and (iv) follows. This proves (1).

For (3), see that ¢ faithful follows from Proposition 4.10 and the subsequent remark. By

the universal property of the algebraic free product, 7 : A — A as before is the unique

A;
L. \
A _ A

commutes for all ¢ € I, and 7 is faithful, as wanted.

x-homomorphism such that

For (2), assume there is a unital C*-algebra B equipped with state v satisfying (a) — (d).
It follows from the universal property of the algebraic free product that there exists unique

s-homomorphism p : A — B such that

A
Li \
A 5 B

commutes for all 7 € I. By argument as above, since (; = p o ¢;, p(A) will be dense in B.

Moreover, p; = 1) o (; =1 o po;, with ¢ o p(w) = 0 for all centered reduced words w in A.
It follows from Theorem 4.7 that ¥ o p = g on A. Using Proposition 4.8, p extends to a
unique *-isomorphism 7 : A — B satisfying 1) o n = ¢, and which makes

A
Li \
A o B

commutative for all ¢ € I. This proves (2). O




5 The distance to the invertible elements in a C*-algebra

The main result of this section is Theorem 5.4, which shows that unital C*-algebras whose
stable rank is not one has an element with norm one and distance one to the invertible
elements of A. It plays a crucial role in proofs later on. The results of this section are the
work of Rgrdam in [21].

Let A be a unital C*-algebra and let H be the Hilbert space such that A embeds into B(H)
faithfully. Any € B(H) has a polar decomposition x = v|z|, where v € B(H) is a partial
isometry and |z| = (a:*x)% The partial isometry v has initial space ker(|x|)*, meaning v*v
)J_

is a projection on ker(|z|)—. We consider first some consequences of the polar decomposition.

. * * * __ K,k
S = .
Firstly, * = |z|v* so xz* = va*zv*. Moreover
(v(z*z)"*v*)? = v(z*z) Po*u(z*s) Po* = v(z*z)v* = zz*.

Now

z = v|z| = v(@*s)"? = v(z*z) v = (w2*) o = |2¥|,

implying vp(|z|) = p(|z*|)v for all polynomials p. It is now a simple consequence of Stone-
Weierstrass that vf(|z|) = f(|z*|)v for all continuous functions f. If f is further assumed to
be such that f(0) =0, then s = vf(|z|) is in A. Indeed, for polynomial g such that g(0) = 0
there exists polynomial h such that g(t) = th(t). It now follows from Stone-Weierstrass
that f can be approximated by such polynomials, hence v f(|z|) = v|z|h(|z|) = zh(|z]) € A
for some continuous function h. If f in addition is positive, |s| = f(|x|) and |s*| = f(|z*]).
To see this, note that

s*s = f(lz)vvf(|z]) = f(|z])?

and as f > 0 the positive square root of s*s is f(|z|), i.e. |s| = f(|z|). Similar calculation
for |s*| = f(Jz*|). Let A > 0 and let py, gy be the spectral projections on [0, A] for |z,
respectively |z*|. Then v(1 —py) = (1 — ¢x)v and v(1 — py)v* = (1 — qy).

For x € A, let a(z) be the distance from x to the invertible elements of A,

= dist(a, GL(A)) = inf |z —yl.
a(z) = dist(a, GL(4) = _inf [z ]
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For 0 < b < a define f,g: Ry — R4 by

0 t<b
b1 t<b
f(t) = ;g =< (a=b"Ht—b) b<t<a.
t=1 t>b
1 t>a

Theorem 5.1. Let A be a unital C*-algebra and let x € A with polar decomposition x = v|z|.
If a(x) < a, then there exists s € GL(A) such that

(1 —pg) = s(1 — pqg).

Proof. Let x € A and let © = v|z| be the polar decomposition of z. Choose b such that
a(r) < b < a. Clearly a(z*) = a(z), so there exists w € GL(A) such that ||z* —w| < b.
Set z = wf(|z*]). As w is invertible and f > 0, it holds that z € GL(A). Note that 1 — g
is the spectral projection of |z*| on (b, 00). Therefore, by the defintion of f,

2 (2" )(1 = @) =1 — g

and moreover, ||f(|2*])|] < 57", hence [|(z* — w) f(|2*)|| < 2" — w] [ f(]=*])]] < L.

Combining the above and using that v is a partial isometry,

1> [[(2" —w) f(j2" DIl = =" F(|2™]) = 2] = [lo*|2"[ f(]2"]) = 2]
> [ 2" f(|27]) = 2)(1 = @)l = [(v" = 2)(T = g)[| = [[(v" = 2)(1 = )]
= [[(v" = 2)o(1 = pp)[| = [|(1 = z0)(1 = pp)| -

Set y = (1 —2v)g(|x|) and note that y € A as g(0) = 0. By definition, g(|z|) = (1 —ps)g(|z|)
and lg(|z])[| <1, so

[yl = 111 = 2z0)(1 = pp)g (D[} < (1 = 20)(X =po)[l lg(lzD] < 1.

Using the Neumann series, the above implies that 1 — y is invertible. Furthermore, by the

definition of g, g(|x|)(1 — pa) = 1 — pa, hence

y(I = pa) = (1 = 20)g(Jz))(1 = pa) = (1 = 20)(1 = pa),

and so
(1 —=9)(1 —pa) =1—pa— (1 = 20)(1 = pa) = 20(1 — pa).

Setting s = 27 1(1 — y) € GL(A) gives the wanted. O
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Corollary 5.2. Let A be a unital C*-algebra. For each x € A there exists sg € GL(A)”'”

such that ||x — so|| = a(x) and ||sol| = ||z|| — a(z).

Proof. Given z € A let x = v|x| be the polar decomposition. For 0 < a < ||z|| define
fa : Ry — Ry by fo(t) = max{t — a,0}. Set x, = vfy(|z|). Note that f(0) =0, so z, € A.

Moreover, using the continuous functional calculus,

|z — 2o = [Jv]z] = vfa(lz))]| = [[lz] = fa([z])]| = sup [t = fa()] =a.
teo(|zf)
Furthermore,
[zall = llvfa(lz))| = sup [fa(t)|= sup |t—a[= sup t—a=|z|-a.
teo(|z|) teo(|z|) teo(|z|)
a<t a<t

Consider now a > «a(z). By definition, (1 — p,)fa(|z]) = fa(|z]). Let s € GL(A) from
Theorem 5.1, and see that

za = vfa(|z]) = v(1 = pa) fa(lz]) = 5(1 = pa) fa(l2]) = s fa(lz]).

For e > 0, s(fa(|z|)+¢€1) is invertible, implying that x, is a norm limit of invertible elements.

Set « = a(x), then z, is the norm limit of z, for a > «, meaning x, € GL(A)" ". Letting

S0 = T, gives the wanted. O

The above corollary shows that the distance from x to GL(A) is attained at some s¢ in the

norm closure of GL(A) which furthermore have the least possible norm.

Corollary 5.3. Let A be a unital C*-algebra. For x € A,
a(z) =inf{A 1 v(1 —py) € GL(A)(1 —py)}.

Proof. Assume v(1 — p,) = s(1 — pg) for some a > 0 and s € GL(A). Arguing as in the

proof of Corollary 5.2, we see that z, is in the norm closure of GL(A). In particular,
a=|z—zd = a(z),

which proves the wanted. O

This leads us to the main theorem of this section.
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Theorem 5.4 (Rgrdam). Let A be a unital C*-algebra with sr(A) # 1. There exists z € A
such that
|z|| = dist(z, GL(A)) = 1.

Proof. Let x € A such that 0 < a(x) = o and let z = v|x| be the polar decomposition of
x. Define continuous function h : Ry — Ry by h(t) = min{a~'t,1}. Note that h(0) = 0,

meaning z = vh(|z|) € A. Moreover, by the continuous functional calculus,

121l = [lor(zDIl = Ia(z)]| = sup |A(H)] < 1.
teo(|z|)

Let py, px be the spectral projections corresponding to the interval [0, A] for |z|, respectively
|z|. As h is positive, |z| = h(|z|) and h(t) = 0 for t = 0 only, hence |z| and h(|z|) have the
same range projections, implying that z = vh(|z|) is in fact the polar decomposition for z.

For A < 1, the definition of h implies that py = p,). See now, that if
v(l —py) =s(1—py)
for some s € GL(A) and 0 < A\ < 1, then
v(1 = par) = s(1 = paxr)-

Using Corollary 5.3, we get
a=a(r) <al<a,

an obvious contradiction. Thus, such s € GL(A) can only exist for A > 1. It now follows
from Theorem 5.1 that o(z) > 1. Recall that a(z) < ||z|| < 1, which finishes the proof. O
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6 Stable rank of some reduced free product C*-algebras

Let (A;, 7;)ier be a family of unital C*-algebras A; each equipped with a faithful, normal-
ized trace 7; and let (A, T) = *;c7(A;, ;) be the reduced free product. Equip A with the

Euclidean structure corresponding to 7,
1
<av b) = T(b*a)v Ha”Q = <a7 a>2 )

for a,b € A. Let X; be a standard orthonormal basis for A; and recall that X? = X, \ {1;}.
Define Y = #;c1X; as in Lemma 4.5. We claim Y is a standard orthonormal basis for A.
Clearly 1 € Y and is orthonormal by Lemma 4.5. Moreover, as span X; is a *-algebra for
all i € I, spanY is a *-algebra. Lastly, by construction spanY is norm dense in A, proving
that Y is a standard orthonormal basis for A. In this section, we understand by a reduced

word a centered reduced word.

Let a € spanY, and write a = Z?Zl ajw; for w; € Y. Then, as Y is an orthonormal set,
n n n n
2 _ _ — _ 2
lallz = ajwj, Y aiwi ) = Y oy (wi,wi) = ) Jagl*.
J=1 i=1 gri=1 j=1

Define orthogonal projections F,, : spanY — spanY,, with Y;, defined as in Lemma 4.5.
The first part of this section aims to bound the operator norm by the 2-norm. We start by

showing the following lemma describing E,(vw) for v € Y}, and w € Y].
Lemma 6.1. Let v € Yy, and w € Y] for some k,l and let n > 0 be given.
(i) Assume |k—1] <n < k+I. Let 0 < g < min{k, 1} be the integer such that k+1—n = 2q

ork+1l—n=2q+1. Write

V=020, V1 € Yy_q-1, z€X;], vy€Yy,

w = waywy, w1 €Y _4 1, yeX;, wo € Yy,
If k+1—n=2q, then

(vowg, V) vizywy i #j

E,(vw) = (6.1)

0 i =
and if k+1—n=2q+ 1, then

ZueX;’ (vowa, 1) (xy,u) Muwy i =7

E,(vw) = T
0 i F ]
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Note that (zy,u) # 0 for at most finitely many u € X; .

(ii) Assume n = |k —1|. Set ¢ = min{k,l} such that k+1—n = 2q. Write

v=101v2, V1 €Yp 4, v2€Y,

w=wowy, wiE€Y_4 w2€Y,

Then vy =1 or wy =1 and E,(vw) = (vaws, 1) viw;.
(iii) If n < |k —1| orn > k+1, then E,(vw) = 0.

Proof. We prove the assertions (i), (i7) and (ii7) simultaneously by induction over min{k, }.
Assume first that min{k,l} = 0, implying that v = 1 or w = 1, and moreover either
n=|k—lland ¢g=0o0rn < |k—1I|,or n>k+1[. Inall cases the claims are clear.

Assume now that min{k,} > 1. Write

v=271", VeV, 2e€X?

w=yw', weY_ yeXx;.
Consider first the case of s # t. Then vw is a reduced word of length k + [, hence

vw n=k+1
E,(vw) = (6.2)
0 n#k+I,

See first that this formula agrees with (iii). If n=%k+lorn=k+1—1 then ¢ =0 in (i),
implying that vy = we =1 so (vaws, 1) = 1. Moreover ¢ = 0 implies that 2’ =z and ¢ =y
and i # j, so the formulae hold in both cases in (7). If |k — 1| <n < k+1—1, then ¢ > 1 in
either case of k+1—n = 2q or k+1—n = 2¢g+ 1. Note that, in the notation of (i) and (i),

! /
v = 0¥, Uy € Yy,

/! /
W2 = Y Wy, MQGYqula

meaning that vews = vha'y'wh is reduced of length strictly greater than 0. In particular,
(vowe, 1) = 0, and the expression for E, (vw) in (6.2) agrees with the formulae in (i) and
(i1).
Consider now the case of s = t. As span X is a *-subalgebra, z'y’ € span X, so we can
write
N R RS /o /o /o
vw =vxyw —<xy,1>vw + Z <xy,u v'uw',
ueXy?
with (z'y’,u) # 0 for only finitely many v € Xg. Using this expression, the formulae for

E,(vw) holds for n > k41— 1. Consider now |k — | <n < k+1—1. Then ¢ > 1 and we
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again write vy = vha', wo = y'wh with v), wh € Y,_1. Then v/ = viavh, w’ = whyw; and
E,(vw) = (2'y/,1) E,(v'w").
By the induction hypothesis E,(v'w’) is given by the formulae in (i) and (i7). Note that

(vows, 1) = T(vha'y'w))

7 (vo <:1:/y/, 1> 1wé) + T(UQ(JJ/y/ — <x/y/, 1> 1)w’2)
= 7(vy <:1:'y/, 1> lwh) = <9:/y/, 1> <v§w'2, 1> ,

so the formulae for E,(vw) in (7) and (i7) hold.

Lastly, if n < |k — |, then n < |(k—1) — (I —1)| and
En(vw) = (2", 1) Ep(v'w') = 0,

as wanted. O

Let a € spanY. The the support of a, denoted by supp(a), is the set of elements w € Y
such that (a,w) # 0. For i € I let F;(a) be the set of x € X? which appear as letters in
the words w € supp(a). The support of a is finite, meaning that each F;(a) is finite and in
particular, F;(a) # 0 for only finitely many i € I. Define

K(a)=max [ 3 [l ] (6.3)

el
z€F;(a)

Let a € spanY and let k£ > 1 be the length of the longest word w in the support of a. It is
clear that a € span (U?Zl YJ>

Lemma 6.2. Let a € spanYy, b € spanY; and let n > 0 be given. If |k —1| <n < k+1,
then
llally 181l k+1—n even

[En(ab)]ly < :
K(a)lally 5], k+1—n odd
If n < |k =1 orn>k+1, then E,(ab) = 0.

Proof. See first that it is an immediate consequence of Lemma 6.1 that F,,(ab) = 0 whenever
n < |k —I] and n > k +{. Assume that |k — ] < n < k + 1 and consider first the case of
k + 1 —n = 2q for some integer 0 < ¢ < min{k,l}. Write

a = g Qyy 0, V102, b= E Bu)2w11,UQUJ1,

V1,02 w1, w2

summing over vy € Yj_g4, v2 € Y, such that vivg is reduced, and over wy € Yy, we € Y]
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such that waw; is reduced. Note that only finitely many o, vy, Bwsw, are non-zero. Using

= Z Z O‘vlvgﬁwgwl <1}2U]2, ]-> v1wy,

V1,02 W1,wW2

Lemma 6.1,

now summing over all v; € Y_,, w1 € Y, and vy, wy € Y, such that vivg, wow; and viw
are all reduced words. As Y is an orthonormal set,
2

)

1En(ab)llz < )

v1,w1

Z avlvzﬁwzwl <U2’(U2, 1>

V2,W2

with the right hand side being a sum over all v € Y,_q, w1 € Y;_4 and vo, w2 € Y, such

that vivy and wew; are reduced. Using the Cauchy-Schwartz inequality

2 2
Z avlvgﬁwzwl <U2w27 1> = <Z 6w2’w1 w2, Zavlvzvé>
V2, w2 w2 V2
2 2
< Zﬁw2w1w2 ZavvaU;
w2 2 11 v2 2
2 2
= Z | Buwsw | Z |y, |
wo Vg
Thus,
2 2 2 2
| En(ab) ||2 Z Z |0‘v1v2| Z |Bw2w1’ Z |ty v | Z |Bunun |~ = llall3 [[0]3
v, w1 V2 V1,v2 w1,w2
as wanted.

Suppose now that k +1 —n = 2q + 1 for some 0 < ¢ < min{k,[}. Write

a = E E Oy vy V1TV2, § E szywleywh

i€l v1,x,0v2 el wi,y,w2

summing over v1 € Y41, € X7 and vy € Y| such that vizvy is reduced, respectively

wi € Vg1, y € X7, wo € Yy such that woyw; is reduced. Using Lemma 6.1 (i), we see

that
= Z Z Z Z Z alevzﬁwzywl <’U2w2, 1> <33y,u> v1uwy,

vi,wi i€l ueX? x,ye X v2,w2

now summing over all v € Y41, w1 € Y_q_1, v2, w2 € ¥, such that vizve and woyw, are

reduced.
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Thus,

2
2
HEn(ab)H2 = Z Z Z Z Z O‘v1$v2ﬁw2yw1 <v2w2, 1) <$3/vu>
vi,wi i€l ueXy |z,ye X v2,w2
Fix v1,w; and i € I. Set
z= Z <Z Buayun W2, Zavlw2v§> xy € span X;.
T,yeX? \ w2 V2
It is a simple calculation to see that for u € X7,
2
Z Z alevgﬂwgywl <U2w27 1> <95y,u>
z,yeXP v2,w2
As ay, gz, = 0 for = ¢ Fj(a), we get
2
2
”ZH2 = Z Z <Zﬁw2yw1w2,zav1zvgv2>
z€Fi(a) yeX? 9
2
s z<zﬂw2ywlw2,zawv2>
z€F;(a) yeXy 9
2
S Z ||CC|| Z <Zﬁw2yw1w272av1xvgvg>
z€F;(a) yeXy 2
2
2
< 3 1) [ 350 (3 s St}
z€F;(a) z€F;(a) ||yeEX? 9

2

2. 2

2€F;(a) yeX?

2
S K(a) D |1 Busywnwe
w2 2

§ Qyq vy U2
z,yeXy V2

2 2
a)2 Z |ty 20, | Z |Bunyuw: |~ -

T, U2 Y, w2

§ : § : — *
< ngywl w2, Olyy zvg ’U2>
w2 v2

2

2
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Now,

2
Z Z Z alevzﬁwzywl <’U2’LU2, l"y, Z ’ Z, u S HZHS
ue Xy |r,yeX? v2,w2 ueX;?
)2 Z |av1xv2|2 Z | By, ’2 .
x’vz y7w2

Thus,
2 2
| En(ab) H2 Z ZK Z | vy, | Z | Buwsyuw |
v1,w1 1€l T,v2 Y,w2
35 ol (z 5 /awr?)
icl T,02 i€l y,w2
2 (17112
= K(a)® ||all3 [Ib]3 ,

as wanted. O

Lemma 6.3. For a € spanYy,
lall < (2k + 1)K (a) [|al, -
Proof. 1t follows from the definition of the reduced free product that it suffices to show that

labll3 < (2k + 1)K (a) all, 1]l

for all b € spanY. Let b € spanY and set b; = E;(b). Using Lemma 6.2 for all n > 0,

n+k n+k
IEn(ab)ly = | D Enlabj)| < > [En(aby)l,
j=In—K A -
n+k

< Y K(a)llall llbl,

J=In—k|

(NI

n+k

D 71

j=ln—k]

N

< K(a) lally 2k +1)
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with the last inequality following from the Cauchy-Schwarz inequality. Now,

labl3 <> | En(ab)ll3
n=0

%s) n+k

< K(@?llal3 @b+ 1> > I3

n=0 j=|n—k|

< K(a)? [lall3 2k + 1) IIbs13
n=0

= (2k + 1)°K(a)? |lall3 [1bll3 -

Lemma 6.4. For a € span (U?:o YJ) ,
3
lall < (2k+1)2K(a) [lall, .

Proof. Let aj = Fj(a) and note that a = 2?21 a;. Moreover, K(a;) < K(a), which follows
simply by the definition. Using Lemma 6.3,

k k
lall <> llagll <> (25 + DE (a;) [lall,
i=1 j=1

k
< (2k+ 1K) llajl,

j=1

M=

NI

< (2k + DK (a)(k +1)

k

2
> lasll
j=1

3
2

< (2k+1)2K(a) [all, -

O

Lemma 6.4 plays a crucial role in the proof of the main theorem of this section. The strategy
of the proofs of Lemma 6.4 and Lemma 6.3 follows the work of Uffe Haagerup in [13], in
which he shows that the free group of finitely many generators, F;, for 1 < n < oo, has the
rapid decay property, which will be touched upon later.
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Lemma 6.5. Suppose
v =ajas---ar, w = biby - - - by Z=cCicp_1- - C1,

are reduced words in A of length v, s and t such that s < min{r,t}. Then uwz is a linear

combination of reduced words in A of the form
aiag - - arr,lawbllb'z ce b’sct/ctf,l e C2C1
and of, possibly unreduced, words of the form
a1ag - Qpr 1 QprCyrCy—1 -+ * - C2C1,

where t' >t — s and ' > r — s in both cases.
Proof. We prove the wanted by induction over s. Consider first s = 0. Then w = 1 and
VWZ = VZ = A1Q2 - - AprCtC_1 - * - C1,
which is of the wanted form. Let s > 0. Now
ar€Aj, bhi€Aj, bscAy, el

for some 4, j, k,l € I. We consider the following cases;

i)i#jand k#li)i=jand k#1,tii)i#jand k=1 iw)i=jand k =1
The case i) is clear as then vwz is reduced. Consider now the case of iv). If s = 1, then
i=j=k=1 Setb] =arbic; — (a;bict,1) 1 € A; and note that 7(b}) = 0. Then

UWz = a1ag - 'ar,lb'lct,lct,g c..c1+ (apbic, 1) ajag - ap_1¢i—1¢i—9 - - - 1,
which is of the wanted form. If s > 2, set
b, = a.by — (ayb1,1) 1 € A;, b, = bser — (bscy, 1) 1 € Ay

and 7(b)) = 7(b,) = 0. Then

/ /
UWZ = G103 .. .Ar—1b7b2 - - - bs_1b,ci_1c—2 -+ - 1
/
+(arb1, 1) arag - - ap_1bg - - - bs_1byci 121
/
+ (bsce, 1) arag -+ - ap_1byba - - - bs_1ci_1¢i2 -+ - c1

+ (arb1, 1) (bsce, 1) arag - - - ap—1by - - bs_1¢—1¢1—2 - - - 1.
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We see that the first term is reduced and the rest are, by the induction hypothesis, linear
combinations of words of the wanted form. The cases of ii) and iii) follow by similar

argument. O

Lemma 6.6. Assume for some distinct pair of indices i1,is € I that there exist at least one
unitary x € X;, and at least two unitaries y,z € X7 . Then for each a € spanY’ there exist

unitaries u,v € spanY and a constant K < oo such that
[(uav)"ly = llally,  K((uav)") < K,

for alln > 1.

Proof. Let x € X7 and y,z € X be distinct unitary elements. Let k > 1 be the length of
the longest word in the support of a, ensuring a € span (Uf:1 Y]) and k is the least such
integer. Choose integer [ such that [ > (k+3)/2. Define

o =2y, v=(22))

and note that u/,v € spanY are both of length 2. We begin by showing that whenever
w € Y; and j < k, then v/wv is a linear combination of reduced words in Y starting with
and ending with z. For s,r < 2, let u/, be the word consisting of the first s letters of v’ and
v, the word consisting of the last r letters of v. It now follows from Lemma 6.5 that «'wwv is
a linear combination of reduced words of the form u,w'v, and of possibly unreduced words
of the form ulv,, for s,r > 2]/ —j > 3 in either case. Letting v’ = w—7(w)1 and noting that
w €Y, we get w' € spanY hence v w'v, € spanY. Now, by construction, each u,w'v, is a
linear combination of elements in Y starting with x and ending with 2. It remains to show
that the possibly unreduced words u/v, are of the same form whenever s,r > 3. Consider
first the cases of s, both even or s,r both odd. Then, by the choice of v' and v, u,v, will
be a reduced word starting with z and ending with z. Assume now that s is even and 7 is
odd, then

!/ / *
UgUp = Ug_1Y ZUr—1,
and if s is odd and r is even,

vy =l oyt rPzv,_o = ul_oy* (2% — (2%,1) 1)zv,_o + (2%, 1) ul_oy* 20, o,

Hence, in all cases u,v, is a linear combination of words in Y beginning with = and ending

with z. We now have N
’LL/CLU = Z Q; Wy,
j=1
where wi,...,wy are distinct elements of Y starting with z and ending with z each of
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length no greater than 2/ 4+ k. Choose now integer m > (2l+k+1)/2 and consider

r = (zy)(zz)" (zy),

which is a unitary element in Y. For each n > 1 and choice of ji,...,j, € {1,...,N},
rwj, rwj, ... rwj, is a reduced element of Y. Furthermore, by the choice of r and properties

of the reduced free product,
Twj;; TWi, . .. TWj, = TWiy TWiy ... TWy,

for some n > 1 implies that i1 = j1,...,in = Jjn-

Set u = ru’. For n > 1, we now have

N N N
n —_— . . - - - -
(uav)" = g E E Qjy Oy o O, TWG, TWjy -« . TWS,,
1=17j2=1

Jn=1

where the words rw; rwj, ...rwj, are reduced and distinct elements of Y. Hence the above
is the unique way to express (uav)™ as a linear combination of basis elements in Y. By the
defintion,

K((uav)"™) = K(uav),

for all n > 1. Therefore, we may set K = K (uav). Moreover,

N N N
lwav)™ly =D lan P Y~ lapl®. . Y lag,* = lall3
Jj1=1 Jo=1 Jjn=1
O
For each a € A let r(a) denote the spectral radius of a. For u,v € U(A),
|(uav)™|| = ||luavuav . . . vav|| = ||v(uav)v*v(uav)(v*v) ... v*v(uav)v*|
= [[(vuave™)"|| = [|(vua)"|,
meaning r(uav) = r(vuavv*) = r(vua). Therefore,
inf = inf ua). 6.4
woniay ") = ot r(da) (64
For a € A and u € U(A),
dist(ua, GL(A)) =  inf gl = inf fa—uw'z|= inf |la—y| = dist(a, GL(A)).
(00, GL(A) = il fua =l = inf = uel = nf ] = dist(a, GL(4)
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as u*z € GL(A) for any € GL(A). Moreover, for a € A,

dist(a, GL(A)) < dist(a, {a — A1|]A € C} N GL(A))
= inf |la—(a—A1)|| = inf |A| <7r(a),
it fla—(@=AD] = inf | < (o)

where p(a) is the resolvent of a. Therefore,
r(ua) > dist(ua, GL(A)) = dist(a, GL(A)). (6.5)

Theorem 6.7 (Dykema-Haagerup-Rordam). Let (A;, 7;)ier be a family of unital C*-algebras
A; each equipped with a faithful normalized trace 1;. Suppose that for some distinct pair of

indices i1,12 € I there exist unitary elements x € A;, and y,z € A;, such that

0=, (%) = 7iy (y) = Tin (2) = Tix (2"Y)-
Consider the reduced free product C*-algebra (A, T) = *;c1(Ai, 7). Then sr(A) = 1.

Proof. For each A; there exists an increasing separable net (B; ), Whose union is dense
in A;. We may further assume that each B; . contains z and each B;,, contains y, 2.
Consider the reduced free product (Aq, ¢) = *q(Bia, ¢i). Then (Aq)q is an increasing net
in A whose union is dense in A. Furthermore, if each A, has stable rank 1, then so does A.
Therefore, we may assume that each A; is separable. Using Lemma 4.4 on the orthogonal
sets {1,z} and {1,y, 2z} in A;,, respectively A;,, we can find standard orthonormal basis X;
for each ¢ € I such that z € X? and y,z € X7 . Let Y = %;¢1X; as previously defined. We
begin by proving the following inequality for a € spanY:
Jnf r(ua) < [al

Let a € spanY and let £ > 1 be such that a € span U?:o Y;. Let now u,v € spanY be the
unitaries and K < oo the constant as in Lemma 6.6 and choose integer [ > 1 large enough
so that u, v € span Ué’:o Yj. Then for each n > 1, (uav)"™ € span U?L%HI) Y;. It follows from
Lemma 6.6 and Lemma 6.4 that

3
2

I (uav)™|| < (2n(k +21) +1)2 K ((uav)") || (uav)"||, < (2n(k +21) + 1)2 K |al} .
Using (6.4) and (6.5), we see that

1
dist(a, GL(A)) < inf < = liminf n|w
ist(a, GL(A)) < inf r(ua) < r(uav) = liminf | (uav)"|

< liminf (2n(k + 21) + 1)2n K |ally = ||all, -
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Having established the desired inequality, we will now show that sr(A) = 1. Assume for
contradiction that sr(A) # 1. It follows from Theorem 5.4 that there exists b € A such that

1 = |[b]| = dist(b, GL(A)).

As Y is a standard orthonormal basis for A, there exists sequence (ay)r>1 C spanY such

that aj converges to b in norm. Using the claim, we get
dist (ay, GL(A)) < ayl,

for all £ > 1, which will in turn hold for b. It is an easy calculation to see that ||al|, < |all

for all @ € A, implying ||b|, = ||b]| = 1. Moreover,
T(1=0"0) =7(1 —bb") =1—b]|, =0.

Note that 1—0*b, 1 —bb* are positive and 7 is faithful, so 1 = b*b = bb*, meaning b is unitary,
hence also invertible, in contradiction to dist(b, GL(A)) = 1, proving that sr(A) = 1. O

The condition on the family (A;, 7;)icr of existence of unitaries with the properties in The-
orem 6.7 is called the Avitzour condition and was considered by David Avitzour in [1]. One

of the consequences of the Avitzour conditions is that A is a simple C*-algebra.

Theorem 6.8. Let Aj, As be unital C*-algebras with faithful tracial states o1 and @s.
Suppose there exist unitary elements x € A1 and y,z € Ay such that

0= p1(z) = p2(y) = pa(2) = p2(27y).

Let (A, p) = (A1, ¢1) * (A2, p2) be the reduced free product. Then A is simple.

A proof of Theorem 6.8 can be found in [1, Proposition 3.1], although in a slightly more

general setting than the above.

Corollary 6.9. Let G be a discrete group. Suppose that G = Gy * Gy of two groups G1,Go
satisfying |G1| > 2 and |Ga| > 3. Then the reduced group C*-algebra C}(G) of G has stable

rank one.

Proof. 1t follows by the construction of the reduced free product and its universal property
that
(CH(G), 7) ~ (C7(G1), 1) * (CF(G2), 2),

where 71, are the canonical traces on G, respectively Ga. Recall that C}(G;) contains
{9y, | g5 € G4} as an orthonormal set of unitaries with respect to the Euclidean structure
arising from the trace 7;. Hence the conditions in Theorem 6.7 are satisfied, showing that
C}(G) has stable rank 1. O
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Let n > 2 and consider the free group of n generators F,,. It is known that F,, =& Z*", the
n-fold free product of Z, and so it follows from Corollary 6.9 that sr(C}(F},)) = 1.

47



7 Stable rank of C}(G) for certain groups G

Taking inspiration from the proofs of Dykema, Haagerup and Rgrdam in [9], Gerasimova and
Osin expanded the results in [12] to show that sr(C)(G)) = 1 for acylindrically hyperbolic
groups with trivial finite radical and finite direct products of such groups. The proof of
Gerasimova and Osin rely on a result of Dykema and de la Harpe in [11]. The groups

considered in this section are assumed discrete.

Definition 7.1. Let G be a group and let F' be a non-empty subset of G. Then

(Fy={fi---falneN, fieF}

is the subsemigroup of G generated by F. We say that F' is semifree if the subsemigroup
of G generated by F is free over F, i.e. if nym € N, fi,..., fu, f1,.-., [}, € F then
fi-o  fu=f1---f, implies that n =m and f; = f/ for all 1 <i <n.

Definition 7.2. A group G has the free semigroup property if for every finite subset F' of
G there exists t € G such that tF' = {tf | f € F'} is semifree.

Denote by r2(a) the spectral radius of a € C}(G) corresponding to the 2-norm:

ro(a) = limsup {/||a*||,.

k—o0

Since |lall, < [|all,
7’2(@) < 7"((1),

where 7(a) denotes the spectral radius of a with respect to the operator norm.

Definition 7.3. Let G be a group and F C G. We say that F has the ¢?-spectral radius
property if, for every a € CG with supp(a) C F, it holds that ra(a) = r(a).

The following theorem of Dykema and de la Harpe [11, Theorem 1.4] describes a different
class of groups G with sr(G) = 1. The strategy of the proof follows those of the proofs of
Dykema, Haagerup and Rgrdam presented in the previous section. It will play a crucial

role later on.

Theorem 7.4 (Dykema-de la Harpe). Let G be a group and suppose for every finite subset
F C G there exists t € G such that tF is semifree and has the (%-spectral radius property.
Then sr(C}(G)) = 1.

Proof. Recall that for any a in a unital C*-algebra A we have
dist(a, GL(A)) < r(a).
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Let G be a group and let ¢ = > geX cgdy € CG for a semifree subset X of G. We claim that
ra(c) = ||c[ly. Indeed, see that " = 3 yn cydy With ¢y =cg, -+~ ¢g, for y =g1---gn € X"

It now follows as X is semifree that

2 2
3= > leyP =D e D leg P> lega® = lell3™
g1 g2 gn

yeXxn

ra2(e) = limsup Ykl = lelly
—00

Suppose now that for every finite subset F' C G there exists ¢ € G such that tF is semifree

for all n > 1. Hence

and has the ¢?-spectral radius property. Assume for contradiction that sr(C}(G)) # 1.
Then there exists a € C}(G) with 1 = |a|| = dist(a, GL(C}(G))), cf. Theorem 5.4. As
in the proof of Theorem 6.7, |jal|, = 1 would imply that a is unitary, in contradiction to
1 = dist(a, GL(C}(G))). Hence, 0 < |lall, < 1. Let ¢ =1 — [|a||, and see that 0 < ¢ < 1.
Let b=73_ cy 8¢9y € CG with X = supp(b) such that |[b — a < 5. Then

1 = dist(a, GL(C*(G))) < % + dist(b, GL(CH(Q))),

implying that
1 g < dist(b, GL(C*(G))).

Moreover, using again that ||b,|, < ||b —af|,
6l < llally + b= all < 1—e+ 2 < 1— = < dist(b, GL(C}(G)).

By defintion of the support, X is a finite subset. Thus, by assumption, there exists t € G
such that tX is semifree and has the #?-spectral radius property. Let now ¢ = o,b € CG.
Then, as 6, is unitary, ||c/, = ||bl|, and dist(c, GL(C}(G))) = dist(b, GL(C;(G))). Using
the claim, ra(c) = |||, = ||b]l5, and as tX has the £2-spectral radius property,

1blly < dist(b, GL(C}(G))) = dist(c, GL(C(G))) < r(e) = ra(c) = [bll5,

which cannot be. We conclude that sr(C}(G)) = 1. O
A combing on a group G generated by a set S is a map that to each pair of elements g, h € G
assigns a path 7, from g to h in the Cayley graph of G' with respect to the generating

set S. A combing yields a map G x G — P(G) which associates a path v, with its set of

vertices.
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Definition 7.5. Let G be a group. A generalized combing of G is amap C': GxG — P(G).
The combing C' is symmetric if C(x,y) = C(y,x) for all z,y € G, and is G-equivariant if
C(gz,gy) = gC(z,y) for all z,y,g9 € G.

Definition 7.6. Let G be a group. A map ¢: G — [0,00) is a pseudolength function if
(i) £(g~ ") = L(g) for all g € G,
(i) £(gh) < £(g) + £(h) for all g,h € G.

We say that £ is a length function if ¢ is a pseudolength function which furthermore satisfies
¢(g) = 0 if and only if g = 1.

From now on, all pseudolength functions ¢ are assumed to take values only in N U {0}.

Fix a group G with pseudolength function ¢ : G — [0,00). For n € N, define
B(n) ={g € Glt(g) < n}.

Let C: G x G — P(G) be a generalized combing. We associate to C' two growth functions
v,p: N = NU{oo} defined by

v(n) = sup |C(1,g) N B(n)], p(n) = sup sup {(z).
geG g€B(n) zeC(1,9)

Note that v and p can in general take infinite values.

As previously, we wish to bound the operator norm by the 2-norm.

Proposition 7.7. Let G be a group with a pseudolength function ¢ : G — [0,00) and let S
be a subset of G. Suppose that there exists a symmetric G-equivariant generalized combing

C:G x G — P(G) such that
C(1,5)NC(s,9)NC(L,g) # 0

foralls € S and g € G, and the associated growth functions v and p take only finite values.
Then for every a € CG and n € N such that supp(a) C S N B(n), it holds that

3
lall <~ (p(n))> [lall, -
Further, if S is a subsemigroup of G and limy_,o, v/v(p(k)) =1, then r(a) = ro(a).

The following two lemmas are needed in order to prove Proposition 7.7
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Lemma 7.8. Let G be a group with a pseudolength function £: G — [0,00) and a generalized
combing C: G x G — P(G) such that the associated growth functions v and p only take
finite values. Then, for any n > 1 and any s € B(n), |C(1,s)] < v(p(n)).

Proof. By definition of v and p, which furthermore only take finite values, we get C'(1,s) C

B(p(n)) for every s € B(n). Thus

[C(L, )] = [C(1,5) N B(p(n))| < ~(p(n)).
O

Denote by R4 G the subset of CG consisting of linear combinations e agdg with oy € Ry
and only finitely many o # 0.

Lemma 7.9. Under the assumptions of Proposition 7.7, suppose further that a € R.G.
Then, for every b € Ry G,

2
lablly < ~v(p(n))3 llally 1Bl -

Proof. Fix integer n > 1 and a € Ry G such that supp(a) C S N B(n). For notational

purposes we define
X, = C(1,9) N Bp(n))

for each g € G. Furthermore, for g € G and z € X, set
Sga = {s € supp(a)|z € C(1,9) N C(s,9)}.

We claim that for any g € G,
supp(a) C U Sy

z€Xy

To see this, note that for s € supp(a) we have C(1,s) C B(p(n)), as noted in the proof of

Lemma 7.8. By assumption
C(1,5) N C(s,9) N C(L,g) N B(p(n)) = C(L,5) N C(s,9) N Xy # 0.

Let € C(1,s) N C(s,g9) N Xy4. Then s € Sy, implying s € Uxexg Sg,z, which proves
the claim. We note that |X,| < v(p(n)) for any g € G. Write a = 37 0,y @s0s and
b= 4cc Bydg, With only finitely many 8, # 0.
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Using that oy, 8, > 0 and the Cauchy-Schwarz inequality, we see that

2
labl2 =S @@ =S T by, | <3 (T S aber,

geG g€G \ s€supp(a) geG \z€Xy s€Sy z
2
2 (X)X | X e
s sMs~lg
geG \zreXy x€Xy \s€Sy

2

<ylpm) Y D | D asBey

geGxeXy \s€Sy

S Y [T e 3,

geG zeXy; \s€Syx €Sy,

For z,g € G, let
Tg,ﬁ? = {S_lg|5 6 ngr}’

Substituting t = s~ g, we see that

lably <v(p(m)) D Y- | D ad| | Do B =) YD Copalby,

geGreXy \sE€ESg.x teTy « seGteG

for some Cs; > 0. We claim that Cs; is bounded from above by (p(n))?. Note that each
term o237 appears at most once in the product (Esesw a?) (ZteTg,I BE) For fixed s and
t we see that C; is bounded by the number of pairs (g, z) € GxG such that x € X,, s € Sy,
and t € Tg,. If s € Sy, then s € supp(a) C B(n) and z € C(1,s) N C(s,g) C C(1,s).
Using Lemma 7.8, we see that |C(1,s)| < v(p(n)). Hence, for fixed s, there are at most
v(p(n)) elements = such that s € Sy .

Fix now x and t. See that ¢t € T, is equivalent to gt~! € Sy ., hence gt~! € supp(a).

Using that C' is G-equivariant, we see that
zeC(lLgt " )NCgt™" g) =g(Clg~,tHnCE,1)).

As ¢ is a pseudolength function, £(tg~!) = £(gt~!) < n, implying that C(1,tg~!) C B(p(n)).

As C is G-equivariant and symmetric, we now have

glreCl@ Lt hHnoe 1) =t Clg 1) NC(1,1))
=t 1(C(1,tg )N C(t 1)) C t Y(B(p(n)) N C(1,1)).

By the definition of -,
[B(p(n)) NC(L,1)] < y(p(n)),
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meaning that for any fixed x,¢ there exist at most v(p(n)) elements g satisfying ¢t € T ,.
All combined, we have Cs; < v(p(n))?. In conclusion,

labll5 < (p(n))* Y~ a2 >~ 57 = (p(n))* [lall3 1b]]5 -

seG teG

O

Proof of Proposition 7.7. Given f = deG n404 € CG, we define f+ = deG Ingldg € RLG.
As previously, write a = Zsesupp(a) asdsand b =3 . Bydq, with only finitely many 3, # 0.
See first that for any f € CG,

1£llz = > Ingl® = (171l -

geG

By similar calculations as in the previous proof,

2

2
lablly = [[@®)*[l, =D Do asBeg) <D Do lawllBegl | = llabt,

g€G |s€supp(a) g€G \ s€supp(a)

Recall that CG is dense in C(G), and as the above inequality holds for arbitrary b € CG,

we obtain using Lemma 7.9 that

_ [[abl] [a™b" [y llac]|
fall = sup 10 oty
vecafor bl ~ vecargoy 10Tl ceriav(oy llclla
3
v(p(n))z ||la™|, ||c 3
< sup ( ( )) H H2 H ||2 — 7(0(”))2 Ha||2
c€R4 G\ {0} el

Assume now that S is a subsemigroup of G and limy_,o, ¥/7(p(k)) = 1. Using that ¢ is a
pseudolength function, supp(a¥) € S N B(nk). Then

2k
la®|| < 7(p(nk))=[|a" |2,
and in particular
1
r(a) = lim {/|a¥]| < limsup~y(p(nk)) 2 |a¥||5 = ra(a).
k—o00 k—oo

As previously noted r(a) > ra(a), implying that r9(a) = r(a). O
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As in [12], define a class C of groups in the following way:

Definition 7.10. Let C be the class of groups G with the following property: For any finite
subset F' C G there exists pseudolength function ¢ on G, an element t € G and a symmetric

G-equivariant generalized combing C' : G x G — P(G) such that

(i) tF is semifree,
(ii) C(1,8)NC(s,9)NC(1l,9) #0 forall g€ G and s € S,

(iii) The growth functions v and p associated to C' and computed with respect to ¢ are
bounded from above by some polynomials in n.

Corollary 7.11. Let G € C. Then sr(C}(G)) = 1.

Proof. Let G € C and let F be a finite subset of G. By assumption, the growth functions

are bounded from above by some polynomials, meaning

1< 3/7(p(k) < /pk) = 1, Kk — oo,

for some polynomial p. Moreover, tF is by assumption semifree and has the ¢?-spectral

property by Proposition 7.7. As F' is arbitrary, it now follows from Theorem 7.4 that

sr(CHG)) = 1. O
Definition 7.12. A group G has the rapid decay property, written property (RD), if there
exists a length function £ on G and constants s, ¢ > 0 such that for all ¢ = deG agdy € CG,

it holds that

lall < e | Y11+ £(g9)) ayl?

geG
Rapid decay was, as previously mentioned, first established for free groups of finitely many
generators by Haagerup in [13], and was formalized and studied as a concept by Jolissaint
in [14]. Dykema and de la Harpe show in [11] that groups with property (RD) have the

(?-spectral radius property:

Proposition 7.13. Let G be a group with property (RD). For every a € CG,

r(a) = lim {/]la"(l, = ra(a).

In particular, G has the (%-spectral radius property.

Proof. Let £ be the length function for which G has property (RD). Define £(a) = max cgupp(a) £(9)
and let ¢,s > 0 be the constants such that for every a € CG,

lall <c | Y 11+ £9) gl | < e(l+L(a))|lally.
geG
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As Hak||2 < HakH and £(a*) < kf(a) for all integers k > 1,

rafa) < r(a) = Jim {/la*] < lmsup {fe(1+ £a"))* ],
— 00

< limsup ’\“/c(l + kl(a))® ||a*]|y = r2(a),

k—o0

with the last equality following from the fact that ¥/c(1 4 k€(a))® — 1 as k — oc. O

7.1 Acylindrically hyperbolic groups

This section presents the definition of acylindrically hyperbolic groups and the main theorem
of Gersimova and Osin in [12]. For further reading on acylindrically hyperbolic groups, the
reader is referred to [12, 15, 8].

Definition 7.14. Let § > 0. A metric space X is d-hyperbolic if it is geodesic and if for any
geodesic triangle A in X every side of A is contained in the union of the é-neighborhoods
of the the two other sides.

Definition 7.15. Let G be a group and X a metric space. An isometric action of G on
X is acylindrical if for every ¢ > 0 there exist R, N > 0 such that for every z,y € S with
d(z,y) > R, there are at most N elements g € G satisfying

d(z,gx) <, d(y,gy) < e.

A subgroup is virtually cyclic if it contains a cyclic subgroup of finite index.

Definition 7.16. A group G is acylindrically hyperbolic if it admits an acylindrical action

on a hyperbolic space X which has unbounded orbits and G is not virtually cyclic.

Examples of acylindrically hyperbolic groups can be found in [12] and [8].

It was shown by Dahmani, Guirardel and Osin in [8] that every acylindrically hyperbolic
group G contains a unique maximal finite normal subgroup called the finite radical of G,
which is denoted by K(G). As noted in [12], the acylindrically hyperbolic groups with

trivial finite radical and direct products of such groups are C*-simple.

Theorem 7.17 (Gerasimova-Osin). Let G1,...,Gy be acylindrically hyperbolic groups with
K(G;) ={1} for all1 <i<k. Then sr(C}(Gy1 x --- x Gg)) = 1. In particular, C}(G) has

stable rank one for any acylindrically hyperbolic group with trivial finite radical.

The following proposition is the main result of Section 4 in [12], but the proof is beyond

the scope of this thesis.
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Proposition 7.18. Let G be an acylindrically hyperbolic group with trivial finite radical
K(G) and let F be a non-empty finite subset of G. Then there exists length function ¢ on G,
an element t € G and a symmetric G-equivariant generalized combing C : G x G — P(G)
such that

(i) tF is semifree,
(it) C(1,s)NC(s,g)NC(1,9) #0 forallg € G and s € S,

(iii) The growth functions v and p associated to C' and computed with respect to £ are

bounded from above by a linear function.

It remains to show that the reduced group C*-algebra of finite direct products of such

groups also has stable rank one. In fact, C is closed under taking finite direct product.
Lemma 7.19. C is closed under taking finite direct products.

Proof. 1t suffices to prove that G = G1 x G4 € C for any G1,G4 € C.

Let finite F' C GG be given. Let F; be the projection of F' to G; for i = 1,2 and see that
F C Iy x F5. As G1,Gs € C, there exist t1 € GG and to € G9 such that t1Fy, respectively
toFy, is semifree in Gy, respectively Ga. We claim that (t1,t2)(F1 X F») is semifree in G,
which in turn implies that (¢1,t2)F is semifree in G. To prove the claim, let t1F} = {fi};
and toF = {g;j};. Assume that

(filvgjl) s (finagjn> = (fklﬂgll) R (fkm7glm)7

equivalent to fi, ... fi, = fr, - fr, and gj, ... Gj, = Gky - - - Gk,,- As each ¢;F; is semifree,
the equality implies that n = m and is = kg, js = [ for all 1 < s < n, which proves the
claim. Letting ¢ = (¢1,t2) proves (i) in Definition 7.10 for G.

Let ¢;, C; be the pseudolength functions and symmetric G;-equivariant generalized comb-

ings on Gj for ¢ = 1,2 such that
Cz(]-’ 5) N 01(379) N Cz(gv 1) 7é Q)a

for all g € G; and s € S;, where S; is the subsemigroup generated by ¢; F;. Define generalized
combing C' : G x G — P(G) by

C((g1,92); (h1, h2)) = C1(g1, h1) x Ca(g2, h2)

for all (g1, g2), (h1,he) € G. It follows immediately from the fact that each C; is symmetric
and G;-equivariant that C' is symmetric and G-equivariant, proving (7i) in Definition 7.10.
Define ¢ : G — [0,00) by ¢((g,h)) = max{l1(g),¢2(h)} for all (g,h) € G. As {1,{3

are pseudolength functions, so is £. It remains to show that the corresponding growth
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functions v, p on G are bounded from above by some polynomials. Let B;(n), respectively
B(n), denote the balls of radius n centered at 1 in G;, respectively G, with respect to
the pseudolength functions ¢;, £. Then B(n) = Bi(n) x Ba(n) for all n € N. For every

9=1(91,92) € G,
B(n)NC(1,g) = (Bi(n) x Ba(n)) N (C1(1, 1) x C2(1, g2))
= (B1(n) N C1(1,91)) x (B2(n) N Ca(1, g2)).
Thus

v(n) =sup|B(n)NC(L,g)l=  sup  |(Bi(n) N C1i(1,91)) x (Ba(n) N Ca(1, g2))|
geG (91,92)€G1 X G2

= sup  [Bi(n)NCi(1,91)|[B2(n) N Ca(1, g2)|
(91,92)€G1xG2

< 7 (n)y2(n).

Recall that for g = (g1, 92) € B(n) and = = (z1,22) € C(1,g) we have ¢;(z;) < p;(n). Thus

{(z) < max{p1(n), p2(n)},

and so

p(n) = sup sup {(z) < pi(n)p2(n),
geB(n) zeC(1,g9)

using that p;(n) > 1 for all n > 1. By assumption ~;, p; are bounded from above by
polynomials, so the above implies that the same holds for v, p. We conclude that G € C. O

Combining Proposition 7.18, Lemma 7.19 and Corollary 7.11 proves Theorem 7.17.

Examples 7.20. Consider the free group of two generators, F>. We will show that F5 € C.
Let ¢(g) for g € F5 be the word length of the reduced word g.

Let F' C F5 be a finite subset, and let n be the length of the longest word in F. We
claim that the subsemigroup S = ((ba)"*'F) is semifree. Note that elements in S begin
with ba. Assume that z,y € S with x = y. Write

z = (ba)"" fr(ba)" oo (@) ey = (ba)" T fL(ba) T fy - (ba) T
with f;, f; € F' for all 4, j. After (possibly) reducing, write
z = (ba)" "ty (ba)" My - - - (ba)"ay, y = (ba)"My1(ba) Hys - - (ba)"ys.

Thus, x = y implies, using the properties of the free group, that » = k and z; = y; for all
1 <i <k, in turn implying f; = f/ for all 1 <1i < k.
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Consider combing on F5 which to each pair of elements in g, h € F5, assigns the shortest
path 7, , in the Cayley graph of F5. One can do so, as the Cayley graph of F; is a tree. Let
C : F5 x Fy — P(F») be the generalized combing corresponding to the described combing.
That C is symmetric and equivariant follows simply as the Cayley graph is a tree. Note
that if g, h € F, start with different letters then C(g,h) must contain 1. If g, h start with

the same letter, C'(g, h) will contain said letter. In either case,
C(L,9)NC(g,h) N C(1,h) # 0.
Let n > 1 and assume g € B(n). Then for all z € C(1, g) we have ¢(x) < ¢(g) < n, implying

p(n)= sup sup L(z)<n.
geB(n) zeC(1,g9)

Moreover, see that |C(1, g)| is equal £(g) + 1. Therefore,
v(n) = sup|C(1,9) N B(n)| =n+1,

geG

which proves that Fy € C.
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