18.022 Problem set 5 (v.2)

1. Define
{ﬁ@wﬂzx”+ﬁ—1,
folz,y) = 2*(x +1) — y°.

We have that

B 2x 2y
Di(z,y) = ( 322 + 22 —2y >
-1 1 2y 2’y
— (Df(z,y)) = eyt 6%y | a2 ror —op )
To find points (29, yo), (Z1,41), - . . with desired properties, we use New-

ton’s method:
Tig1 \ _ [ =i\ ot [ L@y
< Yit1 ) N ( Yi ) (Df(zi, 1)) ( falzi, vi) >

AN 1 . 2y; 2y \ (@} +yi -1
C\Wi/)  Bww+6aty; \377 42w —2x;) \a}+ai-y;

8xty; + 6y, — 2y, (x + yf — 14 a} + 27 — )
8x;y; + 627y;

8xiy; + 637y} — (327 + 225) (2] + 7 — 1) + 23i(2] + 27 — )
8z;y; + 623y,

222 + 223 + 1
dx; + 3x7

dy? + 3wy? — P + 3T + 2
8y; + 6x;y;

To conclude,

222 + 223 + 1

Tiy1 —
" dx; + 3x7

4y? + 3zy? — P + 3z + 2
8yi + 61;y; '

Yi+1 =

Remark. Setting x¢o = yo = 0.5, this yields the approximation

(x,y) ~ (0.61803568, 0.78615138).



2. We have that
F(z,y) = sin(xy) + 2° + ¢°
— VF(z,y) = (ycos(zy) + 32 cos(zy) + 3y°).
We obtain that

B —y?sin(zy) + 62 cos(xy) — zysin(xy)
D(VE(z,y)) = <cos(xy) —xysin(zry)  —a?sin(zy) + 6y )

. 1
— PHew) = 3 DN )
. < —z%sin(zy) + 6y — cos(zy) + zy sin(zy) )
— cos(xy) + xy sin(zy) —y?sin(zy) + 6

Note that
det D(VF(z,vy))
= (—y*sin(ay) + 62)(—2*sin(zy) + 6y) — (cos(zy) — zysin(ay))?
= 2(zycos(zy) — 3z° — 3y®) sin(zy) + 362y — cos?(zy).

To find points (2o, yo), (z1,41), - . . with desired properties, we use New-
ton’s method:

(5 )= (5) - @@ swmn - (fie))

(s 1
B <yz) ~ det D(VF(z;,y,))
' ( —2? sin(zy;) + 6y — cos(zy;) + iy; sin(z;y;) )
— cos(wy;) + Ty sin(wy;) —y; sin(zy;) 4 62;

' ( Y; Cos(xiy,;)) + 322 )

z; cos(zy;) + 3y?

1
2(x;y; cos(x;y;) — 3x3 — 3y3) sin(x;y;) + 36x;y; — cos?(x;y;)

[ (2x}y; cos(iys) — iy} — 3a}) sin(2iy:) + 1827y; — 3y; cos(wiy;)
(2%%2 cos(z;y;) — 993??% - 3?/;‘1) sin(z,y;) + 18%%2 - 35512 cos(zyi) )
Yy

~
~

Remark. Setting ¢y = yo = —1, this yields the approximation x =
—0.33132683.

3. (a) By the Implicit Function Theorem, it suffices to prove that

oF  OF
dy 0z
or, or, |7V
dy 0z




at the point (z,v,2) = (3, —1,2). By assumption,

oF,  oF
oy 0z _ 2 1_3
OFy OFy | T | 1 11|
oy 0z

which is indeed nonzero.

(b) Write f(z) = (fi(z), f2(x)). To compute D f(3), we use the chain

rule:

_d _OF | OFy dfi  OFy dfs
0 = %Fl(x7f1(‘r)7f2<x))—a_x+a_y %—FE %

= 1+2fi(2) + fo(2),

o _OF, 0RO db
0 = dxFZ(x’fl(x)’fQ(x))— Ox * oy dx * 0z dx

= 1-fi) + fi(x).

We conclude that
2 1 (3
o - ()4 . f}( )
1 -1 1 f5(3)
(3 1
. ( ;) ) !
f2(3) 3
. (Exercise 2.4.20)
(a) If f(z,y,2) = ax?+by?+c2?, then fu. = 2a, f,, = 2b, and f., = 2¢;
hence
f:m+fyy+fzz =2a+26—|—2022(a+b+c).
As a consequence, f is harmonic if and only if a4b+c = 0. In particular,
f(x,y, 2) = 22 +y* — 22% is harmonic, whereas f(z,y, z) = 22 —y* + 22
is not.

(b) If fuy 2oy = 173 + Q223 + - - + a,x2, then f,., = 2a; and hence

n?

fx1z1 + fa:zarg + -+ fxnxn = 2((11 +ag + - 'an)~

It follows that f is harmonic whenever a; + as + -+ 4+ a, = 0. For
example, f(x1,T9,...,2,) = (n—1)22 —2? —25—---—22_| is harmonic.

. (Exercise 2.4.24b)

We consider the surface e*cosy = cosx. Assuming cosz # 0 and
cosy # 0, we may rewrite this as

z=Incosx — Incosy.

3



Differentiating, we obtain that

sinx siny 1 1
Ry = — y Ry = VRrr T T T 5 s Zay = 05 2yy = 5 -
Cos T cosy Cos* T cos*y

As a consequence,

(1+ ZZ)ZM +(1+ Zi)zyy — 22,2y 2ay

) 2a2
sin 1 sin“ x 1

- —<1+ 2y> _ +<1+—2> ——0
cos?y ) cos®x cos®x ) cos?y
1 1

- -
cos?ycos?x  cos?xcos?y

It follows that this surface is minimal.

. (Exercise 2.4.25b)

We consider the surface f(x,y,z) = x = ytanz. Differentiating, we
obtain that

; 0 1 2ysin z
T, =tanz;r, = ——;x,, =0;1,, = —— T, = ———.
Y P cos?z’ Y Y cos2z’ T cosdz
As a consequence,
2 2
(1 +a5)wy, + (1 + $y)xzz — 20yx. %y,
2 . 2 . .
Y sin® z\ 2ysinz sin 2 Y 1
= (1+ ——) 0+ 1+ —-) =5— -2 e e
cost z cos?z/) cosdz cosz cos?z cos?z

2ysinz  2ysinz

cos® z cos® z

It follows that this surface is minimal.

. (Exercise 2.5.11)
Let u = %5 and w = f(u) = f< - > We have that

ac2+y2 ac2+y2
Ow _ dfou_ df (ay+yt 207y _ df (y( - o)
or  dudr du (22 +y2)2 T du \ (22 +y2)2 )
Ow _ dfou _df (Pray’—2ay  df (a(e® — )
oy  dudy du (22 + y?)? T du \ (2 +12)? )
Thus

ow  ow df (M>+ﬁ<M)zo

Yor Vo T \ @+ ) T\ @1 22



8. (Exercise 2.5.20)
If g: R?® — R? and f : R? — R? are differentiable functions, then

D(fo g)(:ﬂ,y,z) = Df(g<x>y7 Z)) ’ Dg(ﬂf,y,Z)

In this particular case, (z,v,2) = (1,—1,3), g(1,—1,3) = (2,5), and

1 -1 0
Dg(l,—1,3):(4 0 7).

Moreover, f(z,y) = (2zy, 3z — y + 5), which yields that

Df(z,y) — ( W > . DF(2,5) ( Vo )

Thus
10 4\/1 -1 0 26 —10 28
D(fog)(1,—1’3>:<3 —1>'(4 0 7):(—1 -3 —7)'

9. (Exercise 2.5.21)

(a)
D(fog)(1,2) = Df(g(1,2))- Dg(1,2)
= Df(3,5)- Dg(1,2)
11\ /2 3 7 10
- (3 5)' (5 7):(31 44)'
(b)

D(gof)(4,1) = Dg(f(4,1))- Df(4,1)
— Dg(1,2) - Df(4,1)

- () ()G )



10. (Exercise 2.5.23)
(a) We have that

8_2 B Cseﬁ_sinég Hﬁ_sirﬂg
oz \“Yar T a0) "5 r 00
0 0 sinf 0

= COSQE (COS@E— " %)
_smeg 2_ sinﬁg
a0 \“® or T T+ a0
92 10 1 02
_ 2np - : _ - _
= cos 987“2 cosGsm@( r286+T868r)
sin 6 .0 9?
- <_Sm65+00898987*)

sinf (cosf O  sin@ O
( r 06 Tﬁ)
_ 008298—2 N 2cosfsinf 0 2cosfsinf 0?
or? 72 00 r 000r
sin?0 0 sin®6 0?
- or T 2 a0
We may compute 9%/dy? in the same manner, but we may also observe
that we obtain /0y from 0/0z by replacing 6 with 6 — 7/2; namely,
cos(f —7/2) = sin and sin(f —7/2) = — cos§. Thus we obtain 9*/Jy?
from 9%/0z?* via the same modification:

0? ., 0%  2cosflsinf O  2cosfsinf 0?

— = sin"f—5— —F——— +

Oy? or? r? 00 r 000r
cos?’ O  cos’ O?

r 8r+ r2 002

r

(b) We have that

0?02 ,, 0% 2cosfsinf 0  2cosfsing O?
ey T et T T o G
sin?d 0  sin?6 92
ror 2 o
+sin288—2 ~ 2cosfsinf 0 N 2cosfsinf O?
or? r? ol r 000r

cos?f &  cos?f 02

A

2 10 1 0%

a2 rar TiEae




11.

12.

13.

(Exercise 2.5.28)
(a) Since F(z,y,2(x,y)) = 0, we have that

0 0z

0 = %(F(xagﬁz(x?y))) _Fm—i_a_a:Fm
0 0z

0 ay( (ZIZ’,y,Z(Z‘,y))) y+ay z

As a consequence, 0z/0x = —F,/F, and 0z/0y = —F,/F..

(b) Define F(z,y, z) = xyz — 2. We have that F, = yz, F,, = 2z, and
F, = xy. With F(z,y,z) = 0, part (a) yields that

0z  F, yz wyz 2
or F.  xy  a%y  x%y
oz  F, xz  xyz 2
oy O wy wmp ay?

Solving for z directly, we obtain that z = 2/xy. Differentiation yields
that z, = —2/2% and z, = —2/xy?.
(Exercise 2.5.35)

By the previous exercise, we have that

or\ (0y\ (9z\ _ =K -F -k _ |
dy), \oz) \oz), 6 ~F. F, F.
(Exercise 2.6.23)

Let f(z,y,2) = 922 —45y*+522—45. Then V f = (18z, —90y, 102). The
tangent plane at the point (x,y, z) is parallel to the plane z+5y—2z = 7
if and only if V f is a multiple of (1,5, —2). Equivalently,

8x -9y 10z

1 5 —2
thus (x,y, z) = (bA, =5\, —18\) for some A € R. Now,

<= 18x = —18y = —5z;

0 = f(5\, —5X, —18)) = 9(5A)? — 45(—5X)% + 5(—18))* — 45
M. 45(5 — 25 4 36) — 45 = 45(16A* — 1).

As a consequence, A = +1/4, which implies that

(x,y,2) = £(5/4,-5/4,-9/2).



14. (Exercise 2.6.24)

15.

Write f(z,y,2) = z — T2* + 122 + 5y? and g(z,y,2) = vyz? — 2. Tt is
clear that f(2,1,—1) = g(2,1,—1) = 0. We have that

Vf(l',y, Z) = (—14.’[' + 127 1Oy7 1) g Vf(Q, 17 _1) = (_167 107 1)
Vg(x,y,z) = (yzQ,xzz,nyz) — v9(27 ]-7 _1) = (1727 _4)
Since

— 16+20-4=0,

it follows that the tangent planes to f(z,y,2) = 0 and g(z,y,2) = 0
intersect orthogonally at (2,1, —1).

(Exercise 2.6.34)

(a) Let f(x,y,2) = 2%z + 2%y* + sin(yz) + 3. To compute the plane
tangent to the surface f(z,y,z) = 0 at the point (—1,0,3), we first
note that f(—1,0,3) = =34+ 0+ 0+ 3 =0 and that

Vi(,y,2) = (322 + 20y, 20%y + zcos(yz), 2 + y cos(y2))
— Vf(-1,0,3) = (9,3,—1).

As a consequence, the plane is given by

Iz +1)+3(y—0)—1(2—3)=0<= 92+ 3y — 2z = —12.

(b) The normal line to the surface at (—1,0,3) is given by (z,y,2) =
(—=1,0,3) + ¢(9,3, —1). Equivalently,

r=—1+9t,
y = 3t,
z=3—1.



