18.022: Multivariable calculus - solution to pset 8, ver 1 - fall 2006

1. (5 points) 4.1.8

flay) = /(@ +y* +1)
2z
S TR
_ 2y
b= vy
2 82
(224 y2 +1)2 + (2 +y2+1)3
2 8y?
(224 y2 +1)2 T (2492 +1)3
8xy
(22 +9y2 +1)3

f’EfE: -

fyy= —
fmy:

At (0,0),

fz: fy:fzy:()
pr= 1
pr= 12"y

2. (5 points) 4.1.15

fo= 322+ 2y

f, = 22 _ 52
f.= —2yz+ 62>

foz = 62+ 2y

foy = 27

fez= = fyy =0

fyz= —22

fzz= —2y+12z
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4. (5 points) 4.1.18

,0,1)= 3
Df(1,0,1)= (306)
r—1
p2= 34+(306)( y |+
z—1

(z—1yz-1)

N |

5. (10 points) 4.1.33

(a)

f = coszsiny
fz = —sinzsiny
fy = cosxzcosy

fze = —coszxsiny
fay = —sinzcosy

fyy = —coszxsiny
At (0,7/2),

f:c: fy:fryzo
f=1

Jew = fyy =1

?  (y—7/2)?

= 1—7
b2 D) D)
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20

0
-2

0 -2 12
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Ro(x,a) = = D> fro,mchilihy
i,j,k=1
1
[Ra(x,2)l < & X 8 % [ fasa,an il [l
< %x 1 x (0.3)3
0.036
6. (10 points) 4.1.34
(a)
f = fa: = fww = €z+2y
fzy = fy = 2f
fyy = 4f
At (0,0),
f = fﬂc = fmz =1
fzy = fy =2
fyy= 4
:K2
Py = 1+x+2y+3+2y2+2xy
(b)
1 2
Ro(x,a) = = D friamchihih
i,j,k=1
1
|Ry| < 6><8><(1><3+3><4+3><2+1><1)><e0‘3><0.13
~ 0.0396

7. (5 points) 4.2.2(a,c)
(a)

Ge = 2x+2
gy = —4dy
(z,y) = (-1,0)



(b) At (—1,0),

Grz = 2
Gyy = —4
Goy = 0

qump:<§$>

Take u; = (1,0) and uz = (0,1). Since us Hul > 0 and ugHul < 0
and det(H) # 0, (—1,0) is a saddle point.

8. (b points) 4.2.4

f= I(a®+y*+1)

2z
fo= o

2y
Iy = a2 +y?+1

Therefore, (0,0) is the only critical point. Put x = rcosf,y = rsiné.
f =In(r? +1) > In(1) for any values of r and #. Thus, (0,0) is a local
minimum point.

9. (5 points) 4.2.5

f= 2 +y>—6xy+3z+6y
fz= 2x—6y+3
fy= 3y*—6x+6

Therefore, (3/2,1) and (27/2,5) are the only critical points.

fz:c: 2>0
fyy = 06y
f:cy = —6

= (3/2,1) is a saddle points since 12(1) — 36 < 0 and (27/2,5) is a local
minimum points since fy; > 0 and 12(5) — 36 > 0.



10. (5 points) 4.2.12

f= e +3y)
fo= e %2z — 2% - 3y%)
fy = e "6y

At (0,0) and (2,0), fy = fy, = 0. Therefore they are both critical points.

faca: = eiz(zZ —4dz+ 3y2 + 2)
Joy = —6ye™™
fyy = 677

At (0,0), fox =2 > 0 and foufyy — (fay)?> =12 —36 < 0 = (0,0) is a
local maximum point.

At (2,0), for = —2¢72 <0 and fopfyy — (foy)? = e—4(—12) <0 = (2,0)
is a saddle point.

11. (10 points) 4.2.22
(a)

fe= 2kx—2y
fy= —2z+2ky

f2(0,0) = f,(0,0) = 0 for all k. Thus (0,0) is a critical point.
foxfyy — (fay)® = 4k* — 4 and fu, = 2k. Therefore when k > 1,
fox > 0 fuxfyy — (fzy)? > 0 and (0,0) is a local minimum; when
k<=1, fox <0 foufyy — (fzy)? > 0 and (0,0) is a local maximum.

(b)
fz= 2kx+kz

fy= —2z-2y
f= kx —2y+2kz

f2(0,0,0) = f,(0,0,0) = £.(0,0,0) = 0 for all k. Thus (0,0) is a
critical point.



dy = 2k
dy = —4k
ds = —6k*— 8k

When k < —4/3, dy <0, ds > 0, ds < 0, and hence (0,0, 0) is a local
maximum point.

12. (10 points) 4.2.23

()

fr= 2ax
fy = 2by
fre = 2a

fmxfyy - (fmy)z = 4ab

fo = fy = 0iff x = y = 0 Therefore the origin is the only critical
point. And (0,0) is a local minimum point if a > 0 and b > 0; (0,0)
is a local maximum point if a < 0 and b < 0; otherwise (0,0) is a
saddle point.

fr= 2ax
fy= 2by
fr= 2cz
di = 2a
dy = 4ab
ds = 8abc

fe = fy=f:=0iff x = y = 2 = 0 Therefore the origin is the only
critical point. And (0,0,0) is a local minimum point if ¢ > 0, b > 0
and ¢ > 0; (0,0,0) is a local maximum point if a < 0, b < 0 and
¢ < 0; otherwise (0,0,0) is a saddle point.

Fori=1,...,n, fs, = 2a,z; and hence f;, = fo, = ... = fp, =0 iff
T =x0=...=2x, =0.

di = 2x1, do = 22x129,..., d, = 2"T122...2,. The origin is a
local minimum if 1,3, ..., x, are all positive; the origin is a local
maximum if x1, 9, ..., z, are all negative; otherwise, the origin is a
saddle point.



13.

14.

(10 points) 4.2.30

fr= 2x4+y=0
fy= z+2y—6=0

(—2,4) is the only critical point at which f, =2 > 0and fou fyy—(fuy)? =
3 > 0. Therefore, (—2,4) is a local minimum and f(-2,4) = —12. We
need to check the values on boundary.

-9< f(x,0) =22 <9
—45/4 < f(x,5) = (z+5/2)% —45/4 <19
27/4< f(3,y) =(y—3/2)>+27/4<19
-9 < f(=3,y) = (y—9/2)> —45/4 <9

Therefore, f(—2,4) = —12 is the abs. min. and f(3,5) = 19 is the abs.

max.

(5 points) 4.2.46(Db)

fo = 3ye® —3e3* =0
fy= 3" =3y =0

< (z,y) =(0,1) and f(0,1) =1

fww(ovl): —6<0
fm:rfyy_(fzy)QZ 27 >0

= (0,1) is a local maximum. However, f(0,y) = —y(y®> +3) — 1 — oo as
y — —o0.



