18.022 Problem set 14

1. 7.3.11
V x F = (2% + ye"sinyz, 5 + xy, €” cos yz — 2xz)

We have that if 0S; = 05, then

//VxF-ndS:/ F-ds://VxF-ndS
s a8 Sy

Define Sy to be the disk Sy := {y = 1,2% + 2z? < 9}. The rightward
pointing unit normal to this is (0, 1,0) (although the meaning of ‘right-
ward’ is not entirely clear, we will take it to mean having a positive y
component). So we are interested in the integral

// (54 x)drdz = 457
x2422<9

2. 7.3.12 The integral will be the same over any surface with the same
boundary, so we can choose S = {2 =0,4 > 422 + y*}. The appropri-
ate unit normal to S is (0,0, 1). We therfore only have to calculate the
third component of V x F.

VxF=(7,70)

//g(VxF-n)dSzo

(a) sin2t = 2costsint is the double angle formula for sin, so (cost, sin ¢, sin 2t)
is on the surface z = 2zy.

(b) C = 0S5, where S = {z = 22y, 2? + y? < 1} with normal pointing
upwards.

/(y3 + cos x)dx + (siny + 2% dy + xdz = //<_227 —1,-3y%) - ndS
c s

- // (=22, -1, —3y2) (—2y, =2z, 1)dxdy
z?+y?<1

= // (829 + 22 — 3y*)dxdy
r24y2<1

27 1
= / / —3r3 sin? Odrdo
0 0
3
= ——T7

Therefore

3. 7.3.13

4



4. 7.3.16

Define S := {z=0,0<2 <10 <y < 1} and orient it so that
n = (0,0,—1). If we orient S so that the normal vector points out of
the unit cube, then S U S is the boundary of the unit cube. Then we
can use Gauss’ theorem to say the following
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S S o Jo Jo
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5. 7.3.18

()

///DV'dez//S7F~nds—//s5p.ndszza

(b) If F = V x G, then Stokes theorem tells us that the integral
of F on any smooth compact surface without boundary is 0 so
a = b = 0. (Note that b = 0 anyway if F is C' because the
integral on S, must be small if r is small.)

6. 7.3.19

(a) On S, % = g—f; = % where p is the radial coordinate in spherical

coordiantes. We therefore have
2
//ﬁdszf/zdszg(ﬂ)zm
s 0n ga a2

2x 2y 22> 2
p*’ p? PP
We can compute our integral in spherical coordinates

3 2 [29
/ / / - p? sin pdpdpdd = ma
o Jo Jo P

(b)
V- (VE)=V-{



(c) Gauss’s theorem does not apply to this region because V f is not
C' on this region. We could however apply Gauss’s theorem to the
region which is given by € < p < a intersected with the positive
octant. The integral on this region is given by m(a—e¢), the integral
of % on the extra piece of surface is 7e, and % = 0 on the parts
of the boundary of this region given by the coordinate planes.

dxr = z,du + x,dv + x,dw

dy = y,du + y,dv + y,dw

dz = zydu + z,dv + z,dw
SO

dx N\ dy = (xydu + z,dv + xpdw) A (yudu + y,dv + y,dw)
= (ToYuw — Twlu)dv A dw + (TpYy — TylYw)dw A du + (2,Yy — Ty )du A dv

dyNdz = (Yo 2w —Yw 20 ) AUNAW (Yo 20— Y 2w ) AW AU (Yo 20 — Yo 2 ) dUNdV
2N = (2p Ty — 20Ty ) AVNAWA( 20Ty — 24, T ) AWNADUA( 20, Ty — 2y Ty, ) duNdV

This means that if
FidyNdz+ Fodz Ndx+ Fzdx ANdy = Grdv Adw + Godw A du+ Gsdu A dv
then

G1 = (Yo2w = Yu2o) 1 + (20T — 20T0) Fo + (TolYu — Twlu) F3

GQ = (ywzu - yuzw)Fl + (wau - Zu$w)F2 + (xwyu - xuyw)FS
GS = (yuzv - yvzu)Fl + (Zumv - Zvaju)FQ + (xuyv - xvyu)F?)



